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PREFACE. 



In presenting to the public the Second Volume of Euclid's 
Elements, the Author feels that some explanation is required 
for the interval which has elapsed since the publication of the 
former volume. He feels that it will be only necessary for 
him to state that the work has been written in the intervals 
snatched from his professional duties, which have occupied so 
considerable a share of his time as to leave him no choice 
between delaying the publication, or hurrying it forward in an 
imperfect form ; and he felt that he would best promote the 
interests of the public, as well as his own reputation, by the 
adoption of the former alternative. 

H. L. 



15, Essex Street, Strand. 

15th May, 1855. 
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BOOK IV. 



DEFINITIONS. 

1. A rectilineal figure is said to be inscribed in another recti- 
lineal figure, when all the angles of the inscribed figure are upon 
the sides of the figure in which it is inscribed each upon each. 

2. In like manner, a figure is said to be circumscribed 
about another figure, when all the sides of the cir- 
cumscribed figure pass through the angular points of 
the figure about which it is circumscribed, each 
through each. 

^ 3. A Rectilineal figure is said to be inscribed in a 
circle, when all the angles of the inscribed figure are 
upon the circumference of the circle. 

4. A Rectilineal figure is said to be circumscribed 
about a circle, when each side of the circumscribed 
figure touches the circumference of the circle. 

5. In like manner, a circle is said to be inscribed in 
a rectilinear figure, when the circumference of the 
circle touches each side of the figure. 

6. A circle is said to be circumscribed about a rec- 
tilineal figure, when the circumference of the circle 
passes through all the angular points of the figure 
about which it is circumscribed. 

7. A straight line is said to be placed in a circle, V! 
when its extremities are in the circumference of the 
circle. 
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SciioucM. A regular polygon is one which has all its sides or angles 
equal ; in the first case it is said to he equilateral, and in the second, equian- 
gular. Polygons further receive particular names, according to the number 
of sides which they possess, thus: — 

A Trigon is a polygon with 3 sides. 
Tetragon „ 4 „ 

Pentagon „ 5 „ 

Hexagon „ 6 „ 

Heptagon „ 7 „ 

8 „ 



Nonagon „ 9 

10 



Undecagon „ 11 

Duodecagon „ 12 



PROPOSITION I. 




id- 



Problem.— In a given circle (ABC) to inscribe a straight 
lino, equal to a given straight line (D), which is not greater 
than the diameter of the circle. 

Solution. Draw a diameter BO of the 
circle ; and if this be equal to the giveji line 
D, the problem is solved; but if it is not, 
take in it the segment CE equal to D (a), and 
from as a center, with the radius CE, 
describe the circle AEF, and join OA. 

Demonstration. Because C is the cen- 
ter of the circle AEF, CA is equal to CE 
(b) ; but D is equal to CE (c), therefore D M I. 3. 

Scholium. It should he observed that in the (d) Ax. 1. 

enunciation of the above proposition, the word 

" given " is used in a different sense as applied to the oircle and to the 
straight lino, the former being given both in position and magnitude, while 
the lattor is given only in magnitude. 



PROPOSITION II. 

Problem. — In a given circle (ABC) to inscribe a triangle 
equiangular to a given triangle (DEF). 
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Solution. Draw the straight 
line GAH touching the circumfer- 
ence of the circle in the point A 
(a), and at the point A in the 
straight line AH, and on the same 
side of it with the circle form the 
angle HAC equal to the angle E 
(b), and at the same point in the 
straight line AG, ana on the same 
side of it, form the angle GAB 
equal to the angle F (b) ; and since 
AC and AB are drawn from A 
between the tangent and the cir- 
cumference, they must cut the cir- 
cumference (c) ; let them do so 




(a) III. 17. 
(ft) I. 23. 
\c) III. 16. 
<~d) in. 82. 
) Solution. 
)Ax. 1. 



g) I. 32 B, cor. 3. 
respectively in the points and B ; then join B and 0. 

Demonstration. Because HAG touches the circle ABC, and 
AO is drawn from the point of contact, the angle HAC is equal to 
the angle B in the alternate segment of the circle (d) ; but the 
angle HAC is equal to the angle E (<?) ; therefore the angle B is 
equal to the angle E (f) ; and in the same manner it may be 
shown that the angle C is equal to the angle F ; therefore the 
remaining angle D is equal to the angle BAO (g), and therefore 
the triangle ABC, inscribed in the given circle, is equiangular to the 
given triangle DEF. 

Scholium. In the solution of this problem, Euclid has omitted to state 
that the lines AC and AB must be drawn on the same side of the tangent 
as the circle, and he has assumed that these lines will cut the circumference, 
without showing the reason of their doing so. 



PROPOSITION III. 

Problem. — About a given circle (ABO) to circumscribe 
a triangle equiangular to a given triangle (DEF). 

Solution. Produce EF 
both ways to G and H ; 
find the center K of the 
circle ABC (a), and from 
it draw the straight line 
KB ; at the point rL in the 
straight line KB form the 
angle BKA equal to the 
angle DEG (b)> and from 
the same point, and on the 
other side of the same 




(a) in. 1. 
(6)L23. 
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straight line, form the 
angle CKB equal to the 
anyle DFH (I) ; through 
the points A, B, and C 
draw the straight lines 
ML, MN, and NL, touch- 
ing the circle ABC (<?), then 
shall they meet in the 
points M, N, and L, and 
form ike triangle required. 




) I. 23. 

) III. 17. 

) III. 18. 

} Theor. attached to I. 29. 

J I. 32 b, cor. 7. 
a) 1. 13. 
(A) Solution. 
(i) Ax. 3. 
(Jfc) I. 32 b, cor. 3. 



Demonstration. Join 
A and B, then because 
EAM and KBM are right 
angles (d), the angles 
BAM and ABM are less 
than two right angles, 
and therefore the lines AM and BM must meet one another, 
if produced far enough (e\ let them meet in M, and in a 
similar manner it may be shown that AL and CL must meet in 
some point L, and that BN and CN must meet in some point N. 
Because the four angles of the quadrilateral figure AKBM are 
together equal to four right angles (/), and the angles EAM and 
KBM are right angles (d), the other two M and AKB are together 
equal to two right angles ; but the angles DEG and DEF are 
together equal to two right angles (a), therefore the angles AKB 
and M are together equal to the angles DEG and DEF ; but AKB 
and DEG are equal (A), and therefore M and DEF are equal (i). 
In the same manner it may be shown that the angle N is equal to 
DFE ; therefore the remaining angle L is equal to the remaining 
angle D (k) ; and therefore the triangle LMN circumscribed about 
the circle ABC is equiangular to the given triangle. 

Scholium. The demonstration of this proposition has been somewhat 
altered from that of Euclid, who omits to prove that the lines MN, LM, and 
LN must necessarily meet when produced. 

PROPOSITION IY. 

Problem. — To inscribe a circle in a 

given triangle (ABC). 

Solution. Bisect any two angles ABC 
and ACB (a), by the straight lines BD and 
CD, then because the angles ABC and ACB 
are together less than two right angles (b), 
much more are DBC and DCB together less 
than two right angles; therefore DB and 
DC will meet, if produced far enough (<?), 
let them meet in D, Tfienfrom D draw DF 




attached to 
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(rf) T. 12. 
(c) Solution. 
(/) ILL 18. 
' 1 1. 26. 

► Ax. 1. 

> III. 16. 
I IIL Def. 






perpendicular to any side BO (d), and from 
V as a center, ana with the distance BF 
describe a circle EFG which shall be inscribed 
in the given triangle. 

Demonstration. From B draw BE and 
BG perpendicular to AB and AC. Then 
the angle ABC being bisected by BB (e), 
the angles EBD and FBI) are equal, and 
the angles DEB and BFB being both right 
angles (/) are also equal, therefore the 
triangles EBB and F$B have two angles 
of the one respectively, equal to two angles 
of the other, and the side BB common to 
both, and therefore their other sides EB 
and FB are equal (a). In the same manner 
it may be shown that GB is equal to FB ; 
therefore the three lines EB, FB, and GB are equal (h), and 
therefore the circle described from the center B, with the radius 
BF, passes through the points E and ft, and because the angles at 
F, E, and G are right angles, the lines BC, AB, and AC are tan- 
gents to the circle (i) ; therefore the circle FEG U inscribed in the 
given triangle (£). 

Scholium. The above proposition is 
only a particular case of the more gene- 
ral problem, " To describe a circle touch- 
ing three given straight lines." 1°. If 
the three given lines are parallel to each 
other; or2». If they intersect at the same 
point the problem is impossible; 3°. If 
two of the lines, AB and CD, are parallel, 
and the third, EF, intersect them, it is pos- 
sible to describe two equal circles, each ful- 
filling the conditions of the 
problem, one on either side of 
the line EF; 4«. If the three 
given lines intersect so as to 
form a triangle, four circles 
may be described, touching 
them, one inscribed as above, 
and the other three touching 
each of the sides of the tri- 
angle externally, and the 
other sides produced. 

Corollary 1. The straight 
lines bisecting the three an- 
gles of a triangle meet in 
the center of the inscribed 
circle. 

Corollary 2. A triangle 
is equal in area to the rec- 
tangle under the radius of 
the iriscribed circle, and half 
the sum of the three sides 
or perimeter of the triangle. 
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For the area of the whole triangle ABO is equal 
to the areas of the three triangles AEB, BEG, and 
AEC, and the area of each of these triangles is 
respectively equal to that of the rectangle, under 
the radius and half the sides AB, BC, and AC. 




PROPOSITION V. 

Problem.— To circumscribe a circle about a given triangls 
(ABC). 

Solution. The three angular points, A, B, and C, of the trian*- 

fle, are not in the same straight line, therefore a circle may 
e described passing through them in the manner demonstrated 
in the theorem attached to III. 1. 




Scholia. 1. This proposition has been anticipated by the theorem 
above-men tioned. 

2. If the center F fall within the triangle all its angles are acute, for 
each of them is in a segment greater than a semicircle. If the center be 
in any side of the triangle, the angle opposite that side is a right angle, be- 
cause it is in a semicircle. And if the center fall without the triangle, the 
angle opposite to the side which is nearest to the center is an obtuse angle, 
because it is in a segment greater than a semicircle. 

3. The two following propositions are here introduced, in order to sim- 
plify the demonstration of several of the subsequent problems. 



PROPOSITION V. 

Theorem. — If a rectilineal figure 
(ABODE) be equilateral and equian- 
gular, [1] it may have one circle cir- 
cumscribed about it, [2] and another 
inscribed in it ; [3] and the same point 
is the center of both circles. 

Construction. Bisect the angles BCD 
and CDS (a), by ike straight lines CF and 
DF, then because the angles FCD and FDC 




(«)1.9. 




(6) Theor. attached to 

L 29. 
(c) 1. 12. 
00 I- 6. 
f ej Hypoth. 
(/) Const. 
(9) I. 4. 
(A) III. 14. 
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are together less than two right angles, there- 
fore CF and DF will meet, if produced far 
enough (b), let them, meet in F. Join BF, 
and from F draw GF and HF respectively 
perpendicular to BC and CD (c). 

Demonstration. [1.] In the triangle 
FCD, the angles FCD and FDC are equal, 
being the halves of equal angles, therefore 
the opposite sides CF and DF are equal 
(d). Also in the triangles FBC and FDC, 
the side BC is equal to CD (e), the side CF 
common to both, and the angle FCB equal 
to FCD (/), therefore the side BF is equal 
to DF (g). In the same manner it mar 
be shown that the straight lines from F 
to the other angles A and £ are equal 
to DF, and therefore a circle described from ¥ as a center, 
'with the radius J)¥,will pass through all the angular points, and cir- 
cumscribe the rectUinealfigwre ABCDE. 

[2.] Because BC and CD are equal chords of the circumscribed 
circle, they are equally distant from its center (h), that is, GF is 
equal to HF ; in the same manner it may be shown that the per- 
pendiculars drawn from F to the other sides AB, AE, and DE are 
all equal to HF, and therefore that a circle described from F as a 
center, with the radius HF, will touch all the sides of Vie rectilineal 
figure ABCDE, and be inscribed in it. 

[3.] It is evident that the same point F is the center of both th* 
circumscribed and inscribed circles. 

PROPOSITION Y. b. 

Theorem.— If any equilateral and equiangular rectilineal 
figure (ABCDE) be imcribed in a circle, tangents to the circle, 
drawn through the angular points, will form an equilateral 
and equiangular figure of the same number of sides, circum- 
scribed about the circle. 

Demonstration. Because the chords AB and 
BC, &c, are equal, their arcs are also equal (a), 
and the angles FAB, FBA, GBC, GCB, &c, at * 
the circumference standing on these arcs are 
also equal (b). Therefore in the triangles ABF, G 
BCG, GHD, &c, the sides AF and BF, BG, GC, 
CH, &c.,*are all equal, and the angles F, G, H, 
<fec, are also all eoual (c), therefore the rectilineal 
figure, FGHIK, circumscribed about the cirde } is 
equilateral and equiangular. 




(b) III. 27. 
c) I. 6. 
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PEOPOSITIOK VI. 

Puoblem. — To inscribe a square in a given circle 
(ABCD). 

Solution. Draw Vie diameters AC, BD, at 
ritf hi angles to each other; and join AB, BO, CD, 
aiul DA, then ABCD is the square required. 

Demonstration. Because in the triangles 
BKA and AED, BE and ED are equal, AE 
common to both, and at right angles to BD, the 
base AB is equal to AD M ; and in the same 
manner it may be shown that each of the other 
sides, DC and BC are equal to AB, and therefore (&) HI. 31. 
that the quadrilateral figure ABCD is equilateral. But the straight 
line BD being a diameter, ABD is a semicircle, and therefore the 
angle BAD is a rigtU angle (6), and the quadrilateral figure ABCD 
is a square. 




PROPOSITION YII. 



-To circumscribe a square about a given circle 



& 



PnoBLEarV 
(ABCD). 

Solution. Inscribe a square in the circle ABCD 
a), and through its angular points, A, B, C, and 
\ draw tangents EH, EF, FG, and GH (b), then 
EFGH is the square required. 

Demonstration. Because the tangents, EET, 
EF, FG, and GH are drawn through the angular 
points of a square inscribed in a circle, therefore 
they form a square EFGH, circumscribed about the 
same circle (c). 

Corollary. If a square is circumscribed about a circle, it is evidently 
equal in area to twice the square inscribed in the circle. 

Scholium. It is evident that a square is the only right-angled parallelo- 
gram which can be circumscribed about a circle, but that either a square 
or rectangle may be inscribed in it. 




(a) IV. 6. 
(6) III. 17. 
(c) IV. 5 b. 



ELEMENTS OF GEOMETRY. 



F- 





J 



PROPOSITION Till. 

Problem. — To inscribe a circle in a given square (ABCD). 

Solution. Bisect each of the sides AB, AD, in 
the points F and E (a) ; through F draw EK pa- 
rallel to AD, and through E draw EH parallel to 
AB (b) ; the circle EFHK, described from the cen- 
ter G, with the radius EG, is inscribed in the given 
square. 

Demonstration. Because AE, ED, AF, and 
FB are halves of equals, they are all equal to 
each other (c) ; and because AG, EK, FH, and 
GO are parallelograms (d), their opposite sides 
are equal («) ; therefore, EG, FG, HG, and GK 
are all equal, and the circle described from the 
center G with the radius EG will pass through the points F, H, 
and K, and because the angles at E, F, H, and K, are right 
angles (d), the sides of the square are tangents to the circle 
EFHK (/ ) ; which is therefore inscribed in the given square. 





PROPOSITION IX. 

Problem. — To circumscribe a circle about a given square 
(ABCD). 

Solution. Join AC and BD, cutting each other 
tnE; the circle described from E as a center with the 
radius AE will circumscribe the given square. 

Demonstration. Because the triangle ABD is 
isosceles, and the angle A a right angle, therefore 
each of the angles ADB and ABD is half a right (a) I. 32 b, 
angle (a), and in the same manner it may be cor. 2. 

shown that each of the angles into which the (&) !• 6. 
angles of the square are divided by the diagonals is half a right 
angle ; and, therefore, that they are all equal. Then in the 
triangle, AEB, as the angles A and B are equal, the opposite 
sides, BE and AE, are equal (b) ; and in the same manner it may 
be shown that OE and DE are equal to BE and AE, therefore the 
four lines, AE, BE, OE, and DE, are equal, and therefore the circle 
described from the center E with the radius AE passes through 
the angular points, A, B, G, and D, and is circumscribed about the 
given square. 



10 
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PROPOSITION X. 

Problem. — To construct an isosceles triangle, in which 
each of the angles at the base shall be double of the angle 
opposite to the same. 

Solution. Take any straight line AB, 
and divide it in 0, so that the rectangle 
under AB and BO may be equal in area to 
the square on AC (a) ; construct the triangle, 
ABD, having AD equal to AB, and DB to 
AC (6), and it will be the trianale required. 
Join CD, and about the triangle ACD cir- 
cumscribe the circle ADO (c). 

Demonstration. Because the rectangle 
under AB and BO is equal in area to the 
square on AC (d), or to the square on BD 
(a), the line BD is a tangent to the circle 
ADC (e) t and therefore the angle BDO is 
equal to the angle A in the alternate seg- 
ment (f) ; add to both the angle CD A, 
and BDA is equal to the sum of the angles 
CDA and A ; but because the sides AB 
and AD are equal, therefore the opposite 
angles B and BDA are equal (,?), and the 
angle B is equal to the sum of the angles CDA and A: but the 
external angle BCD is equal to the sum of the angles CDA and A 
(h) 9 therefore the angles B and BCD are equal, and the sides BD 
and CD are equal (i) ; but BD and CA are equal (eft, therefore CD 
and CA are equal, and therefore the angles A and CDA are equal 
'g\ but BDA is equal to the sum of the angles A and CDA, there- 
'ore the angles BDA and B are each double of the angle A. 




(a) II. 11. 
lb) I. 22. 
(c) IV. 5. 
(a) Solution. 
00 III. 37. 
GO HI. 82. 

(h) L 32 A. 
(0 I. 6. 



(0 

fm 



Corollary 1. The triangle BDO is also isosceles, and has each of the 
angles at its base, B and BCD, double of the Tertioal angle BDC. 

Cobollary 2. The triangle ACD is isosceles, and each of the angles at 
its base, A and ADO, are one-third of the vertical angle ACD. 



Corollary 3. Problem. To divide a given right angle (ABC) into 
five equal parts. 
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Solution. In AB take any point A, and divide 
AB tn D, so that the rectangle under AB and AD 
«Aa# equal in area the square on DB (a). jFVom 
A a« a center, with the radius AB describe a circle, 
and in it place BE equal to DB (6); the angle 
EBG w a fifth of the nght angle. 

Demonstration. Because in the triangle 
ABE the angles ABE and AEB are each equal to 
the doable of the angle A (c), and the three 
angles ABE, AEB, and A, are together equal to 
two right angles (d), therefore the angle A equals 
two-fifths of a right, and the angle ABE equals 
four-fifths of a right angle, and therefore the re- 
maining angle EBC equals one-fifth of the right 
angle ABC, and if the angle ABE be divided into 
four equal parts (e) by the lines BF, BG, and 
BH, the whole right angle ABC will be divided 
into five equal parts. 




PROPOSITION XI. 



Problem. — To inscribe an equilateral and equiangular 
pentagon in a given circle (ABODE). 

Solution. Construct an isosceles tri- 
angle, FGH, having each of the anales 
at GH, double of the angle at F (a) ; 
and in the circle ABODE inscribe the 
triangle ACD equiangular to the tri- 
angle FGH (b). Bisect the anales at 
the base, ADO and AOD, by the 
straight lines BD and EC (c), and 
join OB, BA, AE, and ED ; then 
ABODE is the pentagon required. 




(a) IV. 10. 
(6) IV. 2. 
M I. 9. 
(a) Solution. 
(e) III. 26. 
(/) HI. 29. 
&) Ax. 2. 



Demonstration. Because each of 
the angles ACD and ADO is double 
of CAD, and is bisected (d), the fire 
angles, DAC, ACE, ECD, CDB, and BDA, are equal to one 
another ; therefore the arcs upon which they stand are equal (e) 9 
and therefore the straight lines, DO, AE, ED, OB, and BA, which 
subtend those arcs, are also equal (/) ; and therefore the pentagon 
ABODE is equilateral. And because the arcs AB and DE are equal, 
if the arc BCD be added to both, the arc ABCD is equal to the 
arc BODE (y), and therefore the angles AED and BAE, standing 
upon them, are equal (e) ; and in the same manner it may be 
shown that all the other angles are equal to one another, and 
therefore that the pentagon ABODE is also equiangular. 
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Cohot.labt. ITcnco it is evident that every equiangular figure inscribed 
iu a circle is equilateral, and that every equilateral figure is equiangular. 

Scholium. In the above proposition the pentagon is inscribed in tho 
circle by the aid of an isosceles triangle, the angles at whose base are each 
double its vertical angle; and in like manner anv other equilateral figure 
of any number of sides may be inscribed in a circle, by the aid of an isos- 
celes triangle, in which each of the angles at its base is to its vertical 
angle as half the number of its sides minus half, is to unity; thus a 
square may bo inscribed by the aid of an isosceles triangle having the 
ratio between each of the angles at its base and its vertical angle as 
( j — i «*) 1£ : 1 ; a pentagon, as (} — } =) 2 : 1 ; a hexagon, as 
(J — £ =) 2$ : 1 ; and so on. 



PROPOSITION XII. 

Problem.— To circumscribe an equilateral and equiangular 
pentagon about a given circle (ABODE). 

Solution. Inscribe within the given circle 
the equilateral and equiangular pentagon 
ABODE (a), then through the angular points 
of the same, A, B, 0, &c, draw tangents KF, 
FG. GEf, <fec, to the given circle (b), and they G 
will form an equilateral and equiangular penta- 
gon, FGHIK, circumscribing the given circle (c). 

) IV. 11. 
» III. 17. 
»IV.5b. 




PROPOSITION XIII. 

Problem. — To inscribe a circle in a given equilateral and 

equiangular pentagon (ABODE). 

Solution. Bisect any two adjacent angles 
A and B by the straight lines AF and BF 
(a), and from their point of intersection F 
draw FG perpendicular to AB (b) ; from the B ^ 
center F with the radius FG describe a circle, 
and it will be inscribed in the given pentaqon. 
Draw FC, FD, FE, and from F let fall the 
perpendiculars FH, FK, FL, and FM (b). 

Demonstration. In the triangles ABF 
and AEF the sides AB and AE are equal 
(c), AF common to both, and FAB and FAE 
are equal (d), therefore the angles ABF and 
AEF are equal (e) ; but the angles ABO 
and AED are also equal (c), therefore, since 
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ABF is half of ABC (d), AEF is half of 
AED ; and in the same manner it maybe 
shown that the other angles BCD and ODE 
are bisected by the lines FC and FD. 
Therefore in the triangles FBH and FBG 
the angles FBH and FBG are equal, the 
angles BHF and BGF are right angles (d), 
ana the side FB common, therefore the 
sides FH and FG are equal (f ) ; and in the 
same manner it may be shown that all 
the perpendiculars FH, FK, FL, &c, are 
equal, therefore the circle described from F 
as a center with the radius FG will pass 
through ike points H, K, L, and M, and the sides of the given pen- 
tagon are tangents to it because the angles at those points are right 
angles (g). 

Scholium. This problem is only a particular case of the more general 
proposition given at p. 6. 




) Solution. 
f) I. 26. 
g) III. 16. 



PROPOSITION XIV. 

Problem. — To circumscribe a circle about a given equila 
teral and equiangular pentagon (ABODE). 

Solution. Bisect the angles A and E by the 
straight lines AF and EF (a) ; from the point 
of intersection ¥ as a center with the radius AF, 
describe a circle ABODE which shall circum- 
scribe the given pentagon. Draw the straight 
lines BF, CF, and DF. 

Demonstration. It may be shown in the 
same manner as in the preceding proposition 
that the angles of the pentagon are bisected 
by the straight lines drawn from F. Therefore 
in the triangle AFE the angle EAF is equal to AEF, and there- 
fore the side AF is equal to FE (b) ; and in the same manner it 
may be shown that all the lines AF, BF, CF, DF, and EF are 
equal, and therefore the circle described from F as a center with the 
radius AF will pass through the points B, C, D, E, and circumscribe 
the pentagon. 




u 
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a) III. 29. 
A) IV. 11. cor. 



PROPOSITION XV. 
Problem. — To inscribe an equilateral 
and equiangular hexagon in a given circle 
(ABCDEF). 

Solution. Find the center G of the given 
circle (a), and through it draw the diameter 
AD. From D as a center with the radius £>G 
describe a circle GEE.C, join EG and GO, and 
produce them to the points B and F. Join 
AF, FB, ED, DC, CB, BA, with straight lines, 
and they will form an equilateral and equian- 
gular hexagon. 

Demonstration. The straight lines GD 
and DO, being radii of the same circle, are 
equal (b), and for the same reason DG and 
GO are equal, therefore the triangle DGO is 
equilateral, and the angle OGD is the third 
part of two right angles (c) ; and in the same 
manner it may be shown that the angle EGD 
is also the third part of two right angles. 
And because the straight line GO makes with EB the adjacent 
angles EGO, OGB, equal to two right angles (d), the remain- 
ing angle OGB is the third part of two right angles, and 
the three angles EGD, DGO, and OGB are equal to one 
another ; and to these the vertical opposite angles BGA, AGF, 
and FGE are also equal (e) ; therefore the six angles at the center 
G are equal, and the arcs on which they stand are equal (/), and 
also the lines subtending those arcs are equal (g), and therefore 
the hexagon ABODEF is equilateral, and also, since it is inscribed 
in a circle, equiangular (h). 

Corollary. It is evident that the side of the hexagon is equal 
to the radius of the circumscribing circle. 

PROPOSITION XVL 
Problem. — To inscribe an equi- 
lateral and equiangular quindecagon 
in a given circle (ABCD). 

Solution. Let AC be the side of an 
equilateral triangle inscribed in the circle 
(a), and AB the side of an equilateral 
pentagon inscribed in the same (b) ; 
bisect the arc BC in E (<?), join BE and 
EC, and in the given circle place chords 
equal to BE, and they will form an equi- ,v Iy « 

lateral and equiangular quindecagon (6)IV.ii. 

inscribed in it. Cc) III. 30. 
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Demonstration. For if the whole circumference of the given 
circle be divided into fifteen equal parts, the arc AC, because it is 
the third part of the whole circumference, contains five of these 
parts ; in like manner the arc AB contains three of them, there- 
fore the arc BC contains two, and therefore the arc BE is the 
fifteenth part of the whole circumference, and BE is the side of 
the required equilateral and equiangular quindecagon. 

Scholium. The only regular polygons which the Greek Geometers could 
incribe geometrically in the circle were the trigon, or equilateral triangle, 
the tetragon, or square, the pentagon, the hexagon, and any others, such as 
the quindecagon, derived from them. M. Gause, however, in his Disquisitiones 
Arithmetics, has shown that a regular polygon of 2" + 1 sides is always 
capable of being inscribed geometrically m a circle, when 2" + 1 is a 
prime number. 



TIIE 

ELEMENTS OF EUCLID. 



BOOK V. 
DEFINITIONS. 



1. A less magnitude is said to be a part of a greater magnitude, 
when the less measures the greater, that is, when the less is con- 
tained a certain number of times exactly in the greater. 

Scholium. In ordinary use the word " part " means " any portion what- 
ever," but its geometrical sense in the above definition, and wherever sub- 
sequently employed, is that of an aliquot part or submultiple. It has already 
been explained in the scholium to the first proposition of the second book, 
that one magnitude is said to measure another when it is exactly contained 
in it any number of times without any remainder. The lesser magnitude 
is then said to be a pari or submultiple of the greater, while the greater is 
said to be a multiple of the less. 

In the four preceding books magnitudes have been compared simply as 
to their equality or inequality, but in the latter case no attempt has been 
made to determine how great or how small that inequality might be. The 
object, however, of the nfth book is to compare unequal magnitudes, and to 
determine with greater exactness their relative value. Now there are two 
ways in which two unequal magnitudes or quantities might be compared, 
namely, — 1°, by subtracting the lesser from the greater, and so ascertaining 
how much one exceeded the other; thus if one line were represented by 50 
and the other by 40, their difference thus estimated would be 10; this 
method, however, would fail to convey any idea of their relative values; — 
2°, by ascertaining how often the greater contained the less, or, in other 
words, what multiple the greater was of the less; this latter method is 
the one employed bv Euclid in the fifth book, and by it we are enabled to 
ascertain their relative value. 

2. A greater magnitude is said to be a multiple of a less, when 
the greater is measured by the less, that is, when the greater con- 
tains the less a certain number of times exactly. 

Scholium. It is necessary to observe the distinction between the ex- 
pressions "measures" and "is contained in;" for example, 3 measures 15, 
being contained in it exactly 5 times without any remainder, but 8 does 
not measure 13, although it is contained in it 4 times, because there is a 
remainder of 1 over. It has already been explained, in the scholium to 
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II. 1, that when two magnitudes are multiples of the same magnitude, or, in 
other words, when they may both be measured by the same magnitude, they 
are said to be commensurable, but that when no magnitude could be found 
by which both the given magnitudes could be measured, they were said to 
be incommensurable, as in the case of the side and diagonal of a square. 

3. Ratio is a mutual relation of two magnitudes of the same 
kind to one another, in respect of quantity. 

Scholium. This definition has been as severely criticised as perhaps 
any other portion of the Elements; but it should be borne in mind that no 
subsequent conclusions are deduced from, or made to depend upon it, but 
that Euclid doubtless introduced it as a mere explanation of the sense in 
which the word " ratio " was to be afterwards employed. There is, however, 
a defect in the definition, inasmuch as it is not stated in what way the 
comparison of the two magnitudes is to be made, for we have already men- 
tioned that two modes of comparison may be adopted, namely, either by 
finding the excess of one magnitude above the other, or by ascertaining 
what multiple one is of the other. In the following definition given by 
Wood in his Algebra, this objection is removed: — "liatio is the relation 
which one quantity bears to another in respect of magnitude, the compari- 
son being made by considering what multiple, part or parts, one is of the 
other." 

In order that two magnitudes may be capable of comparison so as to 
determine their ratio, it is essential that they should be of the " same 
kind," that is to say, two lines, two angles, two surfaces, or two solids ; or, 
as is expressed in the next definition, they must be such that " the less may 
be multiplied so as to exceed the greater. ' 

It cannot be too strongly impressed on the learner that the ratio of two 
quantities is entirely irrespective of their actual magnitude, but is deter- 
mined solely by their relative magnitude ; so that if any ratio has been 
found to exist between any two quantities, that ratio will remain unaltered, 
although the original Quantities may be both doubled or both halved, or. in 
fact, multiplied or divided by any other quantity, or submitted to any otner 
operation. 

The two quantities between which the ratio exists, are called the terms 
of the ratio; the first being named the antecedent and the second the conse- 
quent. Adopting the symbolism explained in the Scholium to II. 1, the two 
terms of a ratio may be represented by a, b, or any other two letters of the 
alphabet, and their ratio may be expressed by writing a : b (which is read) 

a is to b; or by £ which is read a divided by b; thus, if a represented 15 

and b 5, then - is the same as —, or as 15 divided by 5, namely 3, 
o o 

which is the measure of the ratio of the two quantities represented by a 
and b. 

4. Magnitudes are said to have a ratio to one another, when the 
less can be multiplied so as to exceed the other. 

5. The first of four magnitudes is said to have the same ratio 
to the second, which the third has to the fourth, when any equi- 
multiples whatsoever of the first and third are taken, and anv 
equimultiples whatsoever of the second and fourth ; if the multi- 
ple of the first be less than that of the second, the multiple of 
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the third is also less than that of the fourth ; or if the multiple 
of the first be equal to that of the second, the multiple of the 
third is also equal to that of the fourth : or if the multiple of the 
first be greater than that of the second, the multiple of the third 
is also greater than that of the fourth. 

Scholium. To render this definition as clear as possible, it may be 
symbolically expressed as follows : — Let A, B, C, and D represent four magni- 
tudes, then, the first A is said to have the same ratio to the second B, which 
the third has to the fourth D, when if A and G are multiplied by any 
number whatever as m, and B and D are multiplied by any other number, 
as n, it is found, that 

If t»A be < »B, then roC is < nD, 

if to A = nB, then toC = nD, 

or if m A be > nB, thenmCis > nD. 

6. Magnitudes which have the same ratio are called propor- 
tionals. 

Scholium. The arithmetical definition of proportion is as follows :— Four 
quantities are said to be proportional, or in proportion, when the quotient of 
the first divided by the second is equal to the quotient of the third divided 
by the fourth, whether these quotients be either integers or fractions. 

15 9 

Thus —- « 3, and - =« 8, therefore the numbers 15, 5, 9, and 3 are said 
5 3 

to be in proportion ; and this is usually expressed by writing them thus, 
15 : 5 J : 9 : 8, which is read as 15 is to 5 so is 9 to 8. 

Euclid's definition of proportion has been found fault with because it 
bears no resemblance to the common notions of the similitude of ratios em- 
ployed in Arithmetic or Algebra; and with the view of removing this objec- 
tion, Ellington has substituted the following, namely, " Magnitudes are said 
to be in the same ratio, the first to the second as the third to the fourth, 
when any submultiple whatsoever of the first is contained in the second, as 
often as an equi-submultiple of the third is contained in the fourth." On 
the other hand, many of the most able geometers have maintained that the 
fifth book of Euclid is a masterpiece of skilful reasoning ; and that none of 
the attempts which have been made to supersede it fc have been successful 
in preserving the same unbroken chain of strict geometrical reasoning. 

This objection, however, to Euclid's method of treating proportion, may 
be, to a great extent, removed by comparing his definition with the arith- 
metical one just given, and by showing that both lead to the same results. 
We have already explained that all species of geometrical magnitude may 
be expressed by letters and numbers, and we shall therefore proceed to 
illustrate and explain Euclid's definition by reasoning drawn from the pro- 
perties of proportional numbers. We have just stated that four liumDers 
are considered proportionals when the quotient arising from the division of 
the first by the second is equal to that arising from the division of the third 
by the fourth. Now in performing this division it may happen that the 
second term is not exactly contained in the first, but that a certain remain- 
der is left; in such case we multiply this remainder by 10, and again divide 
by the second term, and if a fresh remainder arises, we again multiply it 
by 10 and repeat the division, and thus proceed either until no remainder is 
left, or until the remainder is too small to be of any consequence. And if 
instead of numbers we had two magnitudes (A and B) to deal with, we 
should proceed in a manner precisely similar, for, supposing B to be the 
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lesser, we should, by continual subtraction of B from A until a magnitude 
was left less than B, determine how often B was contained in A ; the 
remaining magnitude we should then increase, say 10 times, and again sub- 
tract B until another remainder less than B was obtained, which should be 
again increased by 10, and the process continued until a sufficiently accurate 
result had been obtained. The series of products thus obtained should then 
be ranged in order, placing first the number of times that B was contained 
in A, then in the first remainder, then in the second, and so on through the 
whole series. And it is obvious that the process which we have described 
may be performed with any two magnitudes of the same kind, whether 
lines, surfaces, solids, or angles. 

Now if in place of two magnitudes we have four, A ? B, C, and D, and 
upon dividing A by B, and C by D, we in both cases obtain identical results, 
that is to say, that the two serieses of products, derived from the division 
of A by B, and of C by D, when arranged in similar order shall be identical, 
then tne four magnitudes which A, B, C, and D represent will be in pro- 
portion. 

Now if in place of multiplying any successive number of remainders by 
10, the magnitude to be divided had, in the first instance, been multiplied 
by the product of that number of tens, and then divided by the second 
magnitude, the quotient obtained would be identical with that already de- 
rived by the first process. Thus, if instead of three successive remainders 
having been multiplied by 10, and the division subsequently performed 
upon them, the first magnitude had been multiplied by the product of 
S tens, or by 1000, and then the division performed, no difference would be 
found in the quotient obtained. Therefore our test for the proportionality 
of the four magnitudes may be thus expressed: — If the first, when multi- 
plied any number of times by 10, and then divided by the second, gives the 
same quotient as the tliird multiplied the same number of times by 10, and 
divided by the fourth, the four magnitudes are proportional. 

Again, it must be evident that any number might be substituted for 10, 
which has only been adopted in the foregoing explanation, because its, use 
is familiar in arithmetic. And our test may therefore be generalized as 
follows: — If the first multiplied by any number, and divided by the second, 

Sives the same quotient as the third multiplied by the same number, and 
ivided by the fourth, the four magnitudes are proportional Or, to bring it 
still nearer to the language of Euclid's definition: — The first of four mag- 
nitudes is said to have the same ratio to the second, which the third has to 
the fourth, when any equimultiples whatsoever of the first and third being 
taken, the second is contained as often in the equimultiple of the first, as 
the fourth is contained in the equimultiple of the third. 
Now let A, B. 0, D, be four magnitudes determined to be in proportion by 



mA nG 

in A 

But if -g- = », wA * nB, and, similarly , m C = nD. 

A 

If, however, we suppose that -5- is not exactly equal to n, but is some- 
o 

what less, then as -=- and -=r- are equal, -rr- is also somewhat less than 

ft, and therefore m A is < »B, andwCis < nD. 
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Again, let -5- be somewhat more than n, then also so is -=— somewhat 
15 D 

more than n, and therefore m A is > nB, and m C is > n D. 
Now, collecting these results we have 

If »Abe < nB,thenmCis < »D, 

if mA = n B, then mC = nD, 

or if m A is > n B, then m C is > »D. 

which being compared with Euclid's definition, as symbolically expressed 
at page 18, will be found to be identical. 

That the definition of proportion here given by Euclid was only meant 
to be applied to geometrical quantities, is evident from the fact that he has 
given another for proportional numbers in the seventh book; but it should be 
observed that all his conclusions may be generalized so as to apply with 
equal truth, in the case of numbers, by the substitution of the word 
11 Quantity" for " magnitude." 

The perfection of Euclid's method is, that one demonstration suffices 

either when — = n, is > than », or is •< than n, whereas, with all 
other methods, when rigorous proof is requisite, they require two demon- 
strations to each proposition, one when - s - — n, and another when -=- is 

> or < n; and this latter case has usually to be proved from the former 
by a " reductio ad absurdum." 

It should be observed that, in any proportion, the first and second terms 
must be of the same kind, and the third and fourth of the same kind, but 
the two pairs may differ; thus, the first and second magnitudes may be two 
lines or angles, while the third and fourth are surfaces or solids. 

7. When of the equimultiples of four magnitudes (taken as in 
the fifth definition) the multiple of the first is greater than that 
of the second, but the multiple of the third is not greater than 
the multiple of the fourth ; then the first is said to have to the 
second a greater ratio than the third magnitude has to the fourth ; 
and, on the contrary, the third is said to have to the fourth a less 
ratio than the first has to the second. 

8. Analogy or proportion is the equality of ratios. 

In this definition the term " equality" has been substituted for " simili- 
tude," the word employed by Euclid. The whole definition might have 
been omitted, as being unnecessary. 

9. Proportion consists in three terms at least. 

This is rather an inference than a definition. Three quantities may form , 
a proportion when the middle term is both the consequent of the first ratio 
and the antecedent of the second; thus, when A : B : : B : C. In such a 
case B is termed a mean proportional between A and C. When a series of 
quantities are such that each middle term is the consequent of that which 
precedes it, and the antecedent of that which follows it, or when, in other 
words, every term bears an equal ratio to that which follows it, such a 
series is said to be in continued proportion. In any proportion the first and 
last terms are called the extremes, and all the others the mean terms. 
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10. When three magnitudes are proportionals, the first is said 
to have to the third the duplicate ratio of that which it has to the 
second. 

11. When four magnitudes are continual proportionals, the first 
is said to have to the fourth the triplicate ratio of that which it 
has to the second, and so on, quadruplicate, <fcc, increasing the 
denomination still by unity, in any number of proportionals. 

12. When there are any number of magnitudes of the same 
kind, the first is said to have to the last of them the ratio com- 
pounded of the ratio which the first has to the second, and of the 
ratio which the second has to the third, and of the ratio which the 
third has to the fourth, and so on unto the last magnitude. 

For example, if A, B, 0, D, be four magnitudes of the same kind, 
the first A is said to have to the last D the ratio compounded of 
the ratio of A to B, and of the ratio of B to C, and of the ratio of 
C to D ; or, the ratio of A to D is said to be compounded of the 
ratios of A to B, B to C, and C to D. 

And if A has to B the same ratio which E has to F ; and B to 
G, the same ratio that G has to H ; and C to D, the same that K 
has to L; then, by this definition, A is said to have to D the ratio 
compounded of ratios which are the same with the ratios of E to 
F, G to H, and K to L : and the same thing is to be understood 
when it is more briefly expressed, by saying A has to D the ratio 
compounded of the ratios of E to F, G to H, and K to L. 

In like manner, the same things being supposed, if M has to N 
the same ratio which A has to D ; then, for shortness sake, M is 
said to have to N, the ratio compounded of the ratios of E to F, 
G to H, and K to L. 

Arithmetically ratios are compounded by multiplying together all the 
antecedents of the separate ratio for a new antecedent, and all the conse- 
quents together for a new consequent. Thus the ratio 120 : 960 is com- 
pounded of the ratios 3 : 6, 5 : 10, and 8 : 16, for 3 x 5 * 8 = 120, and 
6 x 10 x 16 = 960. 

A duplicate ratio is that which is compounded of two equal ratios, as of 
A : B, B : C ; a triplicate ratio is compounded of three equal ratios, as of 
A : B, B : C, C : D; a quadruplicate ratio, is compounded of four equal 
ratios; a quintuplicate of jive equal ratios, and so on. 

Thus, if A, B, C, be in continued proportion, then 

A : B : : B : C 

, A B . A A 
and. - 5 ,also^= p 

then multiplying these two equations together 



A v A - B v A . 
B X B C * S ? 



«T,g 



A* 
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that is, A: : : A* : B«, or A it to in the &plioate ratio of A to B. 
Again, if A, B, 0, D, be in continued proportion, 
ABC 
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'CD 


are all equal; 


A 
B 

efo: 
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*°5 

A 8 
• B* 
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* B 
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A 
B' 



or A ii to D in the triplicate ratio of A to B, and so on with any number of 
quantities in continued proportion. 

13. In proportionals, the antecedent terms are called homolo- 
gous to one another, as also the antecedents to one another. 

Geometers make use of the following technical words to signify 
certain ways of changing either the order or magnitude of propor- 
tionals, so as that they continue still to be proportionals. 

14. Permutando, or alterndndo, by permutation, or alternately; 
this word is used when there are four proportionals, and it is in- 
ferred, that the first has the same ratio to the third, which the 
second has to the fourth ; or that the first is to the third, as the 
second to the fourth : as is shown in the 16th proposition of this 
book. 

15. Irwertendo, by inversion; when there are four proportionals, 
and it is inferred, that the second is to the first, as the fourth to 
the third. Proposition B, book 5. 

16. Componendo, by composition ; when there are four propor- 
tionals, and it is inferred, that the first, together with the second, 
is to the second, as the third together with the fourth, is to the 
fourth. Proposition XVIII., book 5. 

17. Dividend*), by division ; when there are four proportionals, 
and it is inferred, that the excess of the first above the second, is 
to the second, as the excess of the third above the fourth, is to the 
fourth. Proposition XVII., book 5. 

18. Convertendo, by conversion ; when there are four propor- 
tionals, and it is inferred, that the first is to its excess above the 
second, as the third to its excess above the fourth. Proposition E, 
book 5. 

19. Ex cequdli (sc. distantid), or ex aequo, from equalitv of dis- 
tance ; when there is any number of magnitudes more than two, 
and as many others, so that they are proportionals when taken 
two and two of each rank, and it is inferred, that the first is to 
the last of the first rank of magnitudes, as the first is to the last 
of the others : " Of this there are the two following kinds, which 
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arise from the different order in which the magnitudes are taken 
two and two." 

20. Ex cequaliy from equality ; this term is used simply by itself, 
when the first magnitude is to the second of the first rank, as the 
first to the second of the other rank ; and as the second is to the 
third of the first rank, so is the second to the third of the other ; 
and so on in order, and the inference is as mentioned in the pre- 
ceding definition ; whence this is called ordinate proportion. It 
is demonstrated in Proposition XXIL, book 5. 

21. Ex (Equally in proportione; perturbatd, s&u inordinaid, from 
equality, in perturbate or disprderly proportion (Prop. 4, Lib. II 
Archimedis de sphcera et cylindro) ; this term is used when the first 
magnitude is to the second of the first rank, as the last but one is 
to the last of the second rank : and as the second is to the third 
of the first rank, so is the last but two to the last but one of the 
second rank ; and as the third is to the fourth of the first rank, so 
is the third from the last to. the last but two of the second rank : 
and so on in a cross order : and the inference is as in the 19th 
definition. It is demonstrated in Proposition XXIIL, book 5. 
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seven last definitions. 






If any four magnitudes be in proportion, 






so that A : B : 


C 


D 


Then Permutando or A Hernando A : C : : 


B 


D 


Invertendo B : A : : 


D 





Componmdo A + B : B : : 


C+D 


D 


Dividendo A — B : B : : 


C — D 


D 


Convertendo |^| £ + § \ \ 


: C-+ 
C : C- 


-D 
-D 


Farther, if there be four magnitudes, so that 


A : B 


■ : ; 


D 


and four others, so that L : M 


• : N : 


P 


Then ex aquaM, 






if A : B 


: L : 


M 


B : C 


: M : 


N 


C : D 


: : N : 


P 


then A : D 


: : L : 


P. 


And ex aquali, in proportione perturbatd, 
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The terms suMmKcate, subtriplicate. and sesquiplicate ratio* being fre- 
quently employed In astronomy should be defined. 

If three quantities be in oontinued proportion, the first is said to have to 
the second the subdttpticate ratio of that which the first has to the third. 

Thus, if A, B, C, are in oontinued proportion, A is said to have to B the svb- 
dupUcate ratio of that which A has to C, and may be expressed algebraically 

A : B : : A* : C*. 

If four quantities be in continued proportion, the first is said to have-to 
the second the subtriplicate ratio of that which the first has to the fourth. 

Thus, if A, B, C, D, are in continued proportion, A is said to have to B the 
subtriplicate ratio of that which A has to D, and may be expressed algebrai- 
cally, A : B : : A* : D* 

A sesquiplicate ratio is the ratio compounded of the simple ratio and the 

subduplicate, and may be expressed algebraically, A : B : : A* : C*. 



AXIOMa 

1. Equimultiples of the same, or of equal magnitudes, are equal 
to one another. 

Or if equals be multiplied by the same, the products arc equal. 

2. Those magnitudes of which the same, or equal magnitudes, k 
are equimultiples, are equal to one another. 

Or if equals be divided by the same, the quotients are equal. 

3. A multiple of a greater magnitude is greater than the same 
multiple of a less. 

4. Of two magnitudes that one of which a multiple is greater 
than the same multiple of the other, is the greater. 

In the following propositions lines are employed by Euclid to represent 
proportional magnitudes, but it should be understood that any similar 
magnitudes might have been employed, such as plane figures, solid bodies, 
or angles. 
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.ROPOSITION I. 

Theorem. — If any number of magnitudes be equimultiples 
of as many others, each of each ; what multiple soever any 
one of the first is of its part, the same multiple shall all the 
first magnitudes taken together be of all the others taken 
together. 

Let any number of magnitudes AB, CD, be equimultiples of 
as many others E, F, each of each ; whatsoever multiple AB is 
of E, the same multiple shall AB and CD together be of E and F 
together. 

Demonstration. Divide AB into magnitudes a 
equal to E, viz. AG, GB ; and CD into CH, HD, 
equal each of them to F ; the number, therefore, 
of the magnitudes CH, HD is equal to the number 
of the others AG, GB (a). And because AG is 
equal to E, and CH to F, therefore AG and CH 
together are equal to E and F together (b). For 
the same reason, GB and HD together are equal to 
E and F together; wherefore, as many magnitudes 
as are in AB equal to E, so many are there in AB 
and CD together equal to E and F together. 
Therefore, whatever multiple AB is of E, the same 
multiple are AB and CD together, of E and F 
together ; and the same demonstration would hold 
if the number of magnitudes were greater than 
two. Therefore, if any number of magnitudes, 
&c. 

Scholium. In order to the elucidation of Euclid's demonstrations we 
shall append to each proposition an algebraical investigation and proof, pre- 
serving his train of reasoning unaltered. 

Theorem. If A, B, C, <fc., be equimultiples of a, 6, c, <fc., then whatso- 
ever multiple A is of a, the same multiple is A + B -+- C -f* &c, of 
a + b + c + &c. 

Let A contain n parts each equal to a, then 

A = n a 

and because B, C, &c, are the same multiples of b } c, &c, that A is of a, 
therefore 

B = nb 

C = nc 

&c. 



a) Hypoth. 
d)I.:Ax.2. 
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therefore A + B + C + &c. — na + nb + nc + &c 

= « + « + « + &c. ton terms 
+ l + l + b + &c.ton terms 
-\- c + c -\- c + &c. ton termi 
- (a + & + e + Ac.) + (a + & + c + &c.) to * termi 
-»(a+6 + c+Ac.) 



PROPOSITION II. 

Theorem. — If the first magnitude be the same multiple of 
the second that the third is of the fourth, and the fifth the 
same multiple of the second that the sixth is of the fourth ; 
then shall the first, together with the fifth, be the same mul- 
tiple of the second, that the third, together with the sixth, is 
of the fourth. 

Lot AB the first be the same multiple of the second, that 
BE the third is of F the fourth, and BG the fifth the same 
multiple of the second, that EH the sixth is of F the fourth ; 
then shall AG the first together with the fifth, be the same 
multiple of C the second, that DH the third together with the 
sixth, is of F the fourth. 

Demonstration. Because AB is the same d 

multiple of that DE is of F, there are as 
many magnitudes in AB equal to as there 
are in DE equal to F ; in like manner, as 
many as there are in BG equal to 0, so many 
are there in EH equal to F ; therefore, as 
many as there are in the whole AG equal to b- 
0, so many are there in the whole DEL equal 
to F ; therefore. AG is the same multiple of 
C that DH is of F, that is, AG, the first and 
fifth together, is the same multiple of the 
second (J, that DH, the third and sixth to- 
gether, is of the fourth E. Therefore, if the first magnitude, &c. 
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Oobollart. From this it is evident that if 
any number of magnitudes AB, BG, GH, be 
multiples of another C, and as many BE, EK, 
KL, be the same multiples of F, each of each ; 
the whole of the first, viz. AH, is the same 
multiple of C, that the whole of the last, viz. 
DL, is of F. 

Scholia. 1. This proposition, algebraically ex- 
pressed, is as follows: — 

Theorem. If A, o, B, 6, A„ B., be six magni- 
tude* such that A, B are equimultiples of a and b, 
and A x , B x , are also equimultiples of a and b, then 
A -j- A x , B + B x shall be equimultiples of a and b. 

Let A contain a, m times, 

and A x contain a, n times; 

then also B will contain 6, m times, 

and B x will contain b t n times. 

Therefore, 

A =■ m . a, B =■ m . b, 

A x « n, a, B x =■ *.b; 

and adding equals together, 

A + A x ** m. a + * • « = (» + »). a, 
and B + B x - m . b -f- * . 5 - (m + n) . b; 

that is, A + A x and B -f B x are equimultiples of a and b. 
2. The corollary may be algebraically expressed as follows: — 

If A =» «. a, k\ = n. a, A 2 =* p. a, A 3 = q. a, &c. 
and B = m. b, B, =* ». b, B a « p. b, B a =* q.b, &c 
then, 
A + k l + k a + k a + &c**m.a+%.a-t-p.a-\-q.a-\-&,c=i 

(m + a + p + q + &c) a. 
andB + B x + B a + B, -+• &c. = m.6 + n.b+p.b + q.b + &c. 
= (w + ft + p + y + &c) 6. 

Therefore, A -f- A» -f- A* -f- &c., B + B x + B 2 -f &c are equimul- 
tiples of a and 5. 



PROPOSITION III. 

Theorem. — If the first be the same multiple of the second 
which the third is of the fourth, and if of the first and third 
there be taken equimultiples, these shall be equimultiples, the 
one of the second, and the other of the fourth. 

Let A the first be the same multiple of B the second that 









H 




p 










K. 






L- 




E 


A 


J 





c 



28 ELEMENTS OF GEOMETRY. 

the third la of D the fourth ; and of A and let the equi- 
multiples EF and GH be taken, then EF is the same multiple of 
B that GH is of D. 

Demonstration. Because EF is 
the same multiple of A that QH is of 
0, there are as many magnitudes in 
EF equal to A as there are in GH 
equal to C; let EF be divided into 

the magnitudes EK, EF, each equal . 

to A, and GH into GL, LH, each equal I I 

to 0, therefore the number of the v A J c tJ 
magnitudes EK, KF, shall be equal to 
the number of the others GL, LH ; (a) V. 2. 

and because A is the same multiple 

of B that is of D, and that EK is equal to A, and GL equal to 
0, therefore EK is the same multiple of B that GL is of D ; for 
the same reason, KF is the same multiple of B that LH is of D, 
and the same holds if there be more parts in EF, GH, equal to A, 
; therefore, because the first EK is the same multiple of the 
second B which the third GL is of the fourth D, and that the 
fifth KF is the same multiple of the second B which the sixth 
LH is of the fourth D ; EF, the first together with the fifth, is 
the same multiple of the second B which GH, the third together 
with the sixth, is of the fourth D (a). Therefore, if the first be 
the same multiple, <fcc. 

Scholium. The foregoing proposition, algebraically expressed, is as 
follows. — 



Theorem. If of four magnitudes the first A is the same multiple of the 
second a, which the third B w of the fourth b, and if of A and B equimul- 
tiples be taken, these shall also be equimultiples of a and 6. 

Let A contain a, m times, 
and B contain b, m times; then 

A ■* m . a, and B « m . b ; 

and if the equimultiples of A and B be taken such that they shall contain 
A and B, a times, they shall be respectively 

n . A, and n . B . 

Now because A and B contain a and b, m times, therefore n . A and n. B 
contain a and b,mn times, and 

n. A = n . m . a 

and n.B&n.m.i 

that is, n . A, n . B are equimultiples of a and b. 
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PROPOSITION IV. 

Theorem. — If the first of four magnitudes has the same 
ratio to the second which the third has to the fourth, then any 
equimultiples whatever of the first and third shall have the 
same ratio to any equimultiples of the second and fourth, t. e. 
" the equimultiple of the first shall have the same ratio to 
that of the second which the equimultiple of the third has to 
that of the fourth." 

Let A the first have to B the second the same ratio which the 
third has to the fourth D ; and of A and let there he taken 
any equimultiples whatever E, F; and of B and D any equi- 
multiples whatever G, H ; then shall E have the same ratio to G 
that F has to H. 



Demonstration. Take of E and P 
any equimultiples whatever E, L ; and 
of G, H, any equimultiples whatever 
M, N ; then because E is the same 
multiple of A that F is of ; and of 
E and F the equimultiples K, L, have 
been taken ; therefore K is the same 
multiple of A that L is of C (a) ; for 
the same reason, M is the same multi- 
ple of B that N is of D. And because, 
as A is to B, so is C to D (b), and of A 
and have been taken certain equi- 
multiples K, L, and of B and D have 
been taken certain equimultiples M, 
N ; therefore if K be greater than M, 
L is greater than N; and if equal, 
equal ; if less, less (c) ; but E, L are 
any equimultiples whatever of E, F, 
and M, N any whatever of G, H ; 
therefore as E is to G so is F to H (c). 

Corollary. Likewise, if the first 
has the same ratio to the second which 
the third has to the fourth, then also any 
equimultiples whatever of the first and 
third shall have the same ratio to the 



k E A B 



M 



(«) V. 3. 

(b) Hypoth. 

(c) V. Def. 5. 



80 



ELEMENTS OF OEOMETBT. 



second and fourth ; and in like manner, the first and the third 
shall have the same ratio to anj equimultiple* whatever of the 
second and fourth. 

Let A the first h«iv? to B the tecond the same ratio which the 
third has to the fourth D, aud of A and C let E and P be any 
equimultiples whatever ; then £ shall be to B as F to D. 

Demonstration. Take of E, F any 
equimultiples whatever K, L, and of 
B, D any equimultiples whatever G, 
II ; then it may be demonstrated, as 
before, that K is the same multiple of 
A that L is of ; and because A is to 
B as C is to D (6), and of A and cer- 
tain equimultiples have been taken, 
viz. K and L ; and of B and D certain 
equimultiples G, H ; therefore if K be 
greater than G, L is greater than H ; 
and if equal, equal ; if less, less (c) ; 
but K, L are any equimultiples what- 
ever of E, F, and G, H any whatever 
of B, D ; therefore, as E is to B, so is 
F to D (c). And in a similar way the 
other case is demonstrated. 

ScHOLiU3r. The fourth proposition may 
be algebraically expressed as follows:— 



K 

L 



N 



B : b: then 



Theorem. If A : a 
m A : m B una : nb. 
Because A : a : : B : b 

A__B 

a"b ' 

multiplying both sides by a, and dividing both sides by B, 

A _ a 

B "~ 6 
m . A n . a 



$Wa 



and 



ro.B 



n.V 



therefore w.A:w.B::n.a:n.6. 

If n be taken equal to unity, the above will be a demonstration of the 
corollary. 
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PROPOSITION V. 

Theorem. — If one magnitude be the same multiple of 
another which apart taken from the first is of a part taken 
from the other, the first remainder is the same multiple of the 
second that the first magnitude is of the second. 

Let the magnitude AB be the same multiple of CD that AE 
taken from the first is of OF taken from the other; the remainder 
EB shall he the same multiple of the remainder FD that the 
whole AB is of the whole CD. 

Demonstration. Take AG the same multiple of 
FD that AE is of CF ; therefore, AE is the same 
multiple of CF that EG is of CD (a) ; hut AE is 
the same multiple of CF that AB is of CD (b) ; 
therefore EG is the same multiple of CD that AB 
is of CD ; wherefore EG is equal to AB (<?) ; take 
from each of them the common magnitude AE ; 
and the remainder AG is equal to the remainder 
EB. Wherefore, since AE is the same multiple of 
CF that AG is of FD, and that AG is equal to EB ; 
therefore AE is the same multiple of CF that EB is 
of FD ; but AE is the same multiple of CF that 
AB is of CD (6) ; therefore EB is the same multiple 
of FD that AB is of CD, Therefore, if one magni- 
tude, <fcc. 

Scholium. The foregoing proposition, algebraically expressed, is as 
folio W8: — 

Theorem. If A is the same multiple qf a that Bisofb, then A — B is 
the same multiple of a — 6. 
For let 

A = m . «, an(TB = »».&, 
then, 

A-Bs».o-».j3w,(a-}). 



PROPOSITION VI. 
Theorem. — If two magnitudes be equimultiples of two 
others, and if equimultiples of these be taken from the first two, 
the remainders are either equal to these others, or equimul- 
tiples of them. 
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Let the two magnitudes AB, CD, be equimultiples of the two 
E, F, and let AG, OH, taken from the first two be equimultiples 
of the same E, F; the remainder GB, HP, shall be either equal 
to E, F, or equimultiples of them. 

Demonstration. First, let GB be equal to 
B : HD shall be equal to F. Make CK equal 
to F : and because AG is the same multiple of 
E that CH is of F (a), and that GB is equal to 
E, and OK to F ; therefore AB is the same 
multiple of E that EH is of F ; but AB is 
the same multiple of £ that CD is of F ; there- 
fore EH is the same multiple of F that CD is 
of F ; wherefore KH is equal to CD (b) ; take 
away the common magnitude CH, then the re- 
mainder CK is equal to the remainder HD ; 
but CK is equal to F ; therefore HD is equal 
toF. 



SWl 



Next let GB be a multiple of E ; HD shall 
be the same multiple of F. Make CK the 
same multiple of F that GB is of E ; and be- 
cause AG is the same multiple of E that CH 
is of F (a) ; and GB the same multiple of E 
that CK is of F ; therefore AB is the same 
multiple of E that KH is of F (<?) ; but AB is 
the same multiple of E that CD is of F (a) ; 



therefore KH is the same multiple of F that 
CD is of F; wherefore KH is equal to CD (b); 
take away CH from both, and the remain- 
der KC is equal to the remainder HD ; and (c) V. 2. 
because GB is the same multiple of E that 
KC is of F, and that KC is equal to HD ; therefore HD is the 
same multiple of F that GB is of E. 

Scholium. The foregoing proposition, algebraically expressed, is as 
follows: — 

Theorem. If A, B be equimultiples of a andb, then A-m.a, B— m.b 
are either equimultiples of a, 6, or are equal to them. 

Let A — n . a, and B = n . b ; 
then A— m.a = n.a— m.a = (n -~ m) a, 
and B — m . b = n . b — m . & = (h, — m) b. 

which is the second case in Euclid; when n = 2, and m = 1 

A — m . a ~ a, and B — m . 6 =* b, 
which is the first case in Euclid. 
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PROPOSITION A. 

Theorem. — If the first of four magnitudes have the same 
ratio to the second which the third has to the fourth, then, if 
the first he greater than the second, the third is also greater 
than the fourth ; and if equal, equal ; if less, less. 

Demonstration. Take any equimultiples of each of them, as ■ 
the doubles of each ; then by Def. 5 of this book, if the double 
of the first be greater than the double of the second, the double 
of the third is greater than the double of the fourth ; but if the 
first be greater than the second, the double of the first is greater 
than the double of the second ; wherefore, also, the double of the 
third is greater than the double of the fourth ; therefore the 
third is greater than the fourth ; in like manner, if the first be 
equal to the second, or less than it, the third can be proved to be 
equal to the fourth, or less than it. 

Scholium. This proposition and the three following have been added 
by Simson. It may be expressed algebraically as follows : — 

Theorem. If A : a :: B : 6, then, according as A is *>,=:, or <; a 
B is > , =, or < b. 
Let any equimultiples of them be taken, as 

to . A, to . a f to i B, to . b ; 

then by V. Def. 5, according as 

to . A is > , =, or < to . a, to . B is > , =, or < m . b. 

But if A be > , =, or < a, then to . A is > , =, or < to . a ; 

therefore to . B is > , =, or < to . 6, 

and B is > , =, or < 6. 

Therefore, according as A is > , =, or < a, B is >, =, or < b. 



PROPOSITION B. 

Theorem. — If four magnitudes are proportionals, they 
are proportionals also when taken inversely. 

If the magnitude A be to B as C is to D, then also inversely B 
is to A as D to 0. 

G & 
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Demonstration. Take of B and D any 
equimultiples whatever E and F ; and of A 
and any equimultiples whatever G and H. 
First, let B be greater than G, then G is less 
than E ; and because A is to B as C is to D 
(a), and of A and 0, the first and third, G and 
H are equimultiples ; and of B and D, the 
second and fourth, E and F are equimultiples ; 
and that G is less than E, therefore H is less 
than F (b) ; that is, F is greater than H ; ifj 
therefore, E be greater than G, F is greater 
than H ; in like manner, if E be equal to G, 
F may be shown to be equal to H ; and if less, 
less; but E, F, are any equimultiples what- 
ever of B and D, and G, H, any whatever of 
A and C; therefore, as B is to A so is D to C 

Scholium. This proposition, algebraically ex- 
pressed, is as follows:— 

Theorem.— If A : a :: B : 5, then a : A :: b : B. 

v. A B 

For — = -r : 
a b 

therefore -r- = » ; 
and therefore a : A :: 6 : B. 



B 
D 



a) Hypoth. 
>)V.Def.5, 



PROPOSITION C. 

Theorem. — If the first be the same mul- 
tiple or submultiple of the second that the 
third is of the fourth, the first is to the 
second as the third is to the fourth. 

Let the first A be the same multiple of the 
second B that the third is of the fourth D ; 
A is to B as C is to D. 

Demonstration. Take of A and C any equi- 
multiples whatever E and F ; and of B and D 
any equimultiples whatever G and H ; then, 
because A is the same multiple of B that C is 
of D (a); and that E is the same multiple of 
A that F is of ; therefore E is the same mul- 



(a) Hypoth. 
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tiple of B that F is of D ( b) ; that is, E and F 
are equimultiples of B and J> ; but G and H 
are equimultiples of B and D ; therefore, if E be 
a greater multiple of B than G is of B, F is a 
greater multiple of J> than H is of D ; that is, 
n E be greater than G, F is greater than H ; in 
like manner, if E be equal to G, or less than it, 
F may be shown to be equal to H, or less than 
it ; but E, F are any equimultiples whatever of 

A, C ; and G, H any equimultiples whatever of 

B, D ; therefore A is to B as is to D (c). 
Next, let the first A be the same submul- 

tiple of the second B that the third is of the 
fourth D ; A shall betoBasCistoD. 

For since A is the same lubmultiple of B 
that is of D, therefore B is the same multi- 
ple of A that D is of C ; wherefore, by the 
preceding case, BistoAasDistoG; and 
therefore inversely, A is to B as is to D 
(d). 

Scholium. The foregoing proposition, expressed 

algebraically, is as follows: — 

Theorem.— If A = m . a, and B = m . b t or tf 

A = -, and B = -, then A ta :: B : b. 
m? m' 

For, in the first case, 



A A » 

T = »,and T = s «, 




therefore, 




A B 

a"" 6* 




and therefore A : a :: B : 6. 
In the second case, 




A 1 ^ B 

- = -, and -r 
am b 


1 


xi. /. A B 

therefore — = r , 
a b ' 




and A : a :: B : 5. 





B 

G 



D 
H 



f*)V.I. 

(c)V.Def.5. 



BCD 

GOV.* 
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PROPOSITION D. 
Theorem. — If the first be to the second as the third to the 
fourth, and if the first be a multiple or submultiple of the 
second, the third is the same multiple or submultiple of the 
fourth. 



Let A be to B as C is to D; and first let A 
be a multiple of B, then shall be the same 
multiple of D. 

Demonstration. Take E equal to A, and 
whatever multiple A or E is of B, make F the 
same multiple of D ; then, because A is to 
B as is to D (a) ; and of B the second, and 
D the fourth, equimultiples have been taken, 
E and F ; therefore A is to E as C is to F (ft) ; 
but A is equal to E, therefore is equal to F 
(c) ; and F is the same multiple of B that A is 
of B : therefore is the same multiple of D 
that A is of B. 

Next, let A be a submultiple of B ; then 
shall be the same submultiple of D. 

Because A is to B as C is to D (a) ; then in- 
versely, B is to A as D is to C (d) ; but A is a 
submultiple of B, that is, B is a multiple of 
A ; therefore, by the preceding case, D is the 
same multiple of C ; that is, is the same 
submultiple of D that A is of B. 



B 

E 



D 
F 



Scholium. This proposition is the inverse of the 
preceding ; it may be algebraically expressed as 
follows : — 



Theorem. If A : a :: B : ft, *nd A = either m . a 

m 
For 



A B C 1> 

(eOV.B. 



or -, then B = m . b. or -. 



B 



and because 



and multiplying by 6, 



A 

7' 



A 1 

— = m. or -. 

a ' m' 

therefore -=■ = m, or-, 
b m 



B = w. ft, or-. 
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PROPOSITION VII. 



Theorem. — Equal magnitudes have the same ratio to the 
same magnitude ; and the same has the same ratio to equal 
magnitudes. 

Let A and B be equal magnitudes, and any other. A and B 
shall each of them have the same ratio to : and shall have the 
same ratio to each of the magnitudes A and B. 

Demonstration. Take of A and B any 
equimultiples whatever D and E, and of 
any multiple whatever F : then, because D is 
the same multiple of A that E is of B, and 
that A is equal to B (a) : therefore D is equal 
to E (b) : therefore if J) be greater than F, E 
is greater than F; and if equal, equal; if 
less, less ; but D, E, are any equimultiples of 
A, B, and F is any multiple of C ; therefore 
AistoQasBistoC (c). 

Likewise has the same ratio to A, that it 
has to B, or C is to A as C is to B. For, 
having made the same construction, D may in 
like manner be shown to be equal to E ; there- 
fore if F be greater than D, it is likewise 
greater than E ; and if equal, equal ; if less, 
less ; but F is any multiple whatever of C, 
and D, E, are any equimultiples whatever of 
A, B ; therefore QistoAasCistoB (c). 



E R 



(<*) Hypoth. 
lb) V. Ax. 1. 
00 V. Def. 5. 



Scholium. This proposition, algebraically expressed, is as follows :— 

Theorem. If A = B, and C be any third quantity, A : C :: B : C and 
Since A =* B, 

A B 



therefore A : C :: B : C. 



therefore C : A :: : B 



Alsoj-^ 
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PBOP08ITION VIH. 



Theobbm. — If two magnitude are unequal, the greater has 
a greater ratio to any other magnitude than the less has ; and 
the same magnitude has a greater ratio to the less than it hat 
to the greater. 



Let AB, BO be two unequal magnitudes, 
of which AB is the greater, and let D 
be any other magnitude. AB shall have 
a greater ratio to D than BO has to D : and 
D shall have a greater ratio to BO than 
it has to AB. 

Demonstbation. If the magnitude 
which is not the greater of the two AO, 
OB be not less than D, take EF. F€k the 
doubles of AO, OB (as in Big. 1). But if 
that which is not the greater of the two 
AO,OB be less than D (as in Figs. 2 and 3), 
this magnitude can be multiplied^ so as to 
become neater than 1), whether it be AO 
or OB. Let it be multiplied until it be- 
come greater than D, and let the other be 
multiplied as often ; and let EF be the 
multiple thus taken of AO, and FG the 
same multiple of OB : there- 
fore EF and FG are each of 
them greater than D: and 
in every one of the cases, 
take H the double of D, K | Fig. 2. 
its triple, and so on, till the 
multiple of D be that which 
first becomes greater than C - 

FG : let L be that multiple 
of D which is first greater- 
than FG, and K the multi- 
ple of D which is next less 
than L. 

Then, because L is the 
multiple of D which is the 
first that becomes greater 
than FG, the next preceding 



Fig.l. 



I c 



K H 



V.l. 
V. Def. 7. 



Fig.Z. 



c- 

Bl 
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multiple E is. not greater than FG ; that is, FG is not less than 
K : and since EF is the same multiple of AC that FG is of CB ; 
therefore FG is the same multiple of OB that EG is of AB (a) : 
that is, EG and FG are equimultiples of AB and OB : and since it 
was shown that FG is not less than 1L and by the construction EF 
is greater than D ; therefore the whole EG is greater than K and 
D together : but K together with J> ia equal to L ; therefore EG 
is greater than L : but FG is not greater than L : and EG, FG 
were proved to be equimultiples of AB, BO ; and L is a multiple 
of D ; therefore AB has toD a greater ratio than BO has to J> (b). 

Also D shall have to BO a greater ratio than it has to AB. For 
having made the same construction, it may be shown, in like man- 
ner, that L is greater than FG, but that it is not greater than EG ; 
and L is a multiple of D ; and FG, and EG were proved to be 
equimultiples of CB, AB ; therefore D ha* to GB a greater ratio 
than it hag to AB (b). 

Scbouum. This proposition may be algebraically expressed as follows :— 

Thbosbk. &Ai$> B,thenA:Cis> B :0,andC iBis> C :A. 
ForifAia>B f 



A, . B 



and therefore A : C is > B : C. 
Also if A iff* B, 



C . . C 

i 18> r 



and therefore C : B is > C : A. 



PROPOSITION IX. 

Theorem. — If magnitudes have the same ratio to the same 
magnitude, they are equal to one another : and those to which 
the same magnitude has the same ratio are equal to one 
another. 

Let A, B have each of them the same ratio to ; then A shall 
be equal to B. 

Demonstration. For, if they are not equal, one of them 
must be greater than the other : let A be the greater : then, by 
what was shown in the preceding proposition, there are some 
equimultiples of A and B, and some multiple of such that 
the multiple of A is greater than the multiple of 0, but the mul- 
tiple of a is not neater than that of 0. Let these multiples 
be taken; and let D, E be the multiples of A, B, and F the 



1 
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multiple of C. such that D may be greater 
than F. but B not greater than F : then, be- 
cause A is to C as 8 is to 0, and of A, B are 
taken equimultiples, D, B, and of is taken 
a multiple F ; and that D is greater than F ; 
therefore B is also greater than F (a) : but 
E is not greater than F ; which is impossible : 
therefore A and B are not unequal ; that w, 
they are equal. 

Next, let have the same ratio to each of I 

the magnitudes A and B ; then A shall be r ^ v tw k 
equal to B. («)V.Def.5. 

For, if they are not equal, one of them must be greater than 
the other : let A be the greater : therefore, as was shown in the 
eighth proposition, there is some multiple F of 0, and some equi- 
multiples E and D of B and A, such that F is greater than B, but 
not greater than D : and because OistoBasOistoA, and that 
F the multiple of the first is greater than B the multiple of the 
second (a) ; therefore F the multiple of the third is greater than 
D the multiple of the fourth : but F is not greater than D; which 
is impossible. Therefore A is equal to B. 

Scholium. The foregoing proposition, algebraically expressed, is as 
follows : — 

Theorem. If A : B :: : B, then A = C: and if B : A :: B : C. then 
also A = C. 
For if A : B :: C : B 

therefore multiplying by B, 
Again, if B : A :: B : C 



A C 

B " B ? 

A^C. 



B _ B 

A "" C ; 
therefore dividing by B, 

1 1 
A = 0* 

and therefore A — 0. 
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PROPOSITION X. 

Theorem. — That magnitude which has a greater ratio than 
another has to the same magnitude, is the greater of the two ; 
and that magnitude to which the same has a greater ratio than 
it has to another magnitude, is the lesser of the two. 

Let A have to C a greater ratio than B has to C ; then A shall 
be greater than B. 

Demonstration. For, because A has to 
a greater ratio than B has to C, there are 
some equimultiples of A and B, and some 
multiple of 0, such that the multiple of A 
is greater than the multiple of C, but the 
multiple of B is not greater than it (a) ; let 
them be taken ; and let D, E be the equi- 
multiples of A, B, and F the multiple of C, 
such that D is greater than F ; but E is not 

rbter than F, therefore D is greater than 
and because 1) and E are equimultiples 
of A and B, and D is greater than E, there- 
fore A is greater than B (5). 

Next, let C have a greater ratio to B than 
it has to A ; then B shall be less than A. 

For there is some multiple F of C, and some equimultiples E 
and D of B and A, such that F is greater than E, but not greater 
than D (a) : therefore E is less than D : and because E and D are 
equimultiples of B and A, and that E is less than D, therefore B 
is less than A (b). 

Scholium. This proposition may be algebraically expressed as follows : — 

Theorem. If A : B is > C : B, then A is> C; and if B : A is 
> B : C, then A is > C. 
For if A : B is > C : B, 



(a) V. Def. 7. 
(6)V.Def.4. 



B i8> B ; 



and multiplying by B, 
Again, if B : A is B : C, 



A> C. 



B _ B 

A lS> C' 

therefore CB is > AB; and dividing by B, 

C is > A, or A is > 0. 



42 ELEMENTS OF GEOMETRY. 



PROPOSITION XL 

Theorem. — If ratios are equal to the same ratio, they are 
equal to one another. 

Let A be to B as C if to D; and alio let be to D m E istoFj 

then shall A be to B as E is to F. 



h — K- 



a c E - 

h U N- 



(«)V.Def.6\ 

Demonstration. Take of A, C, E any equimultiples whatever 
G, H, K ; and of B, D, F any equimultiples whatever L, M, N. 
Therefore, since A is to B a* C is to D, ana G, H are taken equi- 
multiples of A, 0, and L, M, of B, D ; if G be greater than L, H 
is greater than M ; and if equal, equal ; if less, less (a). Again, 
because E is to F as C is to v t and H, K are taken equimultiples 
of 0, E ; and M, N, of D, F; if H be greater than M,K is greater 
than N ; and if equal, equal ; if less, less : but if G be greater 
than L, it has been shown that H is greater than M ; and if equal, 
equal ; if less, less : therefore if G be greater than L, K is greater 
than N ; and if equal, equal ; if less, less : and G, K are any 
equimultiples whatever of A, E ; and L, N any whatever of B, F: 
therefore Ate to B as E is to ¥ (a). 

Scholium. This proposition may be algebraically expressed as follows :— 

Theorem. If A : B :: C : D, and : D :: E : F, then A : B :: E : F. 
For because A : B :: C : D, 

A _ C 

B — D ; 

and because C : D :: E : F, 

C _ E 

D "" F ; 



therefore - == -, 



and therefore A : B :: E : F 
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PROPOSITION XII. 
Theorem. — If any number of magnitudes be proportionals, 
as one of the antecedents is to its consequent, so shall all the 
antecedents taken together be to all the consequents taken 
together. 

Let any number of magnitudes A, B, 0, D, E, F, be propor- 
tionals ; that is, as A is to B, so is to D, and E to F : then as A 
is to B, so shall A, 0, E together be to B, D, F together. 



M- 



(a) V. Def. 5. (*) V. I. 

Demonstration. Take of A, C, E any equimultiples whatever 
G, H, K ; and of B, D, F any equimultiples whatever L, M, N : 
then, because A is to B, as is to D, and as E is to F ; and that 
G, H, K are equimultiples of A, C, E, and L, M, N equimultiples 
of B, D, F ; if G be greater than L, H is greater than M, and K 
greater than N ; and if equal, equal ; if less, less (a) ; wherefore 
if G be greater than L, then G, H, K together are greater than 
L, M, N together ; and if equal, equal ; if less, less : but G, and 
G, H, K together are any equimultiples of A, and A, C, E together ; 
because if there be any number of magnitudes equimultiples of 
as many others, each of each, whatever multiple one of them is of 
its part, the same multiple is the whole of the whole (b) : for the 
fame reason L, and L, M, N together are any equimultiples of B, 
and B. D, F together: therefore at A is to B y so is A, C, E together 
toB,D,t together. 

Scholium. The foregoing proposition may be algebraically expressed 
as follows : — 

Theorem. If A : B :: C : D :: E : F. &c, then A : B :: A + C + E 
+ &c.:B + D + F+*c. 
For if A:B::C:D::EiF, 

A _£_ E 

B "" D "" F ; 
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A B 

and therefore — = -=r. 



Adding 1 to each side, 



S+i-J+i. 



therefore — — ^ 



and therefore 



C "" D • 
A +C C E 



B + D — D"~F* 

Again, 

A + C B + D 



adding 1 to each side, 



A+C+E B + D + F 
and = =s = , 



A+C+E E A 
therefore B+D + F- F = B * 

therefore A:B::A + C+E:B + D + F. 



PROPOSITION XIII. 

Theorem. — If the first has to the second the same ratio 
which the third lias to the fourth, but the third to the fourth a 
greater ratio than the fifth has to the sixth ; the first shall 
also have to the second a greater ratio than the fifth has to 
the sixth. 



Let A the first have the same ratio to B the second which C the 
third has to D the fourth, hut the third a greater ratio to D the 
fourth, than E the fifth has to F the sixth ; then also the first A 
shall have to the second B a greater ratio than the fifth E has to 
the sixth F. 
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u 

A 

B 


G — 
C — 

D — 




H— 
E- 
F— 




N 

(a) V. De£ 7. 


K — 


(6) Hypoth. 


L— 


(c) V. Def. 5. 



Demonstration. Because C has a greater ratio to D than E to 
F, there are some equimultiples of and E, and some of D and F, 
such that the multiple of is greater than the multiple of D, hut 
the multiple of E is not greater than the multiple of F (a) : let 
these he taken, and let G, H he equimultiples of 0, E, and K, L 
equimultiples of D, F, such that G may he greater than K, hut H 
not greater than L : and whatever multiple G is of 0, take M the 
same multiple of A ; and whatever multiple K is of D, take N the 
same multiple of B : then, because A is to B as C is to D (b), and 
of A and 0, M and G are equimultiples ; and of B and D, N and 
K axe equimultiples ; if M be greater than N, G is greater than 
K ; ana if equal, equal ; if less, less (c) : but G is greater than 
K ; therefore M is greater than N : but H is not greater than L : 
and M, H are equimultiples of A, E ; and N, L equimultiples of 
B, F ; therefore A has a greater ratio to B than E has to F (a). 

Corollary. And if the first has a greater ratio to the second, 
than the third has to the fourth, but the third the same ratio to 
the fourth, which the fifth has to the sixth ; it may be demon- 
strated, in like manner, that the first has a greater ratio to the 
second, than the fifth has to the sixth. 

Scholium. This proposition may be algebraically expressed as follows :— 

Theorem. If A : B :: C : D, but : D is > E : Fj then A : B is 
£ : F. 
ForC :Dis> E : F, 

and A : B — C : D, 

therefore A : B is > E : F. 
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PROPOSITION XIV. 



Theorem. — If the first has to the second the same ratio 
which the third has to the fourth; then, if the first be greater 
than the third, the second shall be greater than the fourth ; 
and if equal, equal ; and if less, less. 

Let the first A, hare to the second B, the same ratio which the 
third has to the fourth D ; then if A be greater than C, B if 
greater than D. 

Fig. 2. Fig. 3. 

Fig. I. 



(&)Hypoth. 



(J) V. 18. 
OO V. 10. 



B 
(e)V.9. 



Demonstration. Because A is greater than 0, and B is any 
other magnitude, A has to B a greater ratio than C has to B (a) : 
but, as A is to B, so is to D (a) ; therefore also C has to D a 
greater ratio than C has to B (c) : but of two magnitudes, that to 
which the same has the greater ratio is the lesser (d) ; therefore 
D is less than B ; that is, B is greater than D. 

Secondly, if A be equal to C. B is equal to D. For A is to B, 
as C, that is A, is to D ; B therefore is equal to D (e\ 

Thirdly, if A be less than C, B is less than D. For C is greater 
than A ; and because is to D as A is to B, therefore D is greater 
than B, by the first case ; that u, Bis less than D. 

Scholium. The foregoing proposition may be expressed algebraically as 
follows :— 

Theorem. If A : B :: C : D, then if Abe > C, Bis > D: if A = C, 
B=D;a7M*i/ , A6e <C,Bis < D. • /- • v i 

For because A : fi :: C : D 



A 
B : 



C 
D ; 
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therefore — = =r, 
C/ 1/ 



and therefore A : C :: B : D; 

whence by the 5th Definition it follows that if A be > C, B is > D • if 
equal, equal; and if less, less. 



PROPOSITION XV. 

Theorem.— Magnitudes have the same ratio to one another 
which their equimultiples have. 

Let AB be the same multiple of C, that DE is of F ; then is 
to F, as AB is to DE. 

Demonstration. Because AB is the same 
multiple of that DE is of F, there are as 
many magnitude* in AB equal to as there 
are in Dlf equal to F : let AB be divided into K- 

magnitudes, each equal to 0, viz. AG, GH, 
HB ; and DE into magnitudes, each equal to 
F, vis. DE, KL, LE : then the number of the b c e 
first AG, GH, HB is equal to the number of 
the last DK, KL, LE : and because AG, GH, (a) V. 7. 

HB are all equal, and that DK, KL, LE are <*) V. 12. 

also equal to one another; therefore AG is to 
DK, as GH is to KL, and as HB is to LE (a) : but as one of the 
antecedents to its consequent, so are all the antecedents together 
to all the consequents together (b) ; wherefore, as AG is to DK, 
so is AB to DE : but AG is equal to C, and DK to F ; therefore C 
is to F, as AB is to DE. 

Scholium. This proposition may be algebraically expressed as follows : — 

Theorem. A : B :: m . A : m . B. 

For ± = *I* 

B m . B* 



PROPOSITION XVI. 

Theorem. — If four magnitudes of the same kind be propor- 
tionals, they are also proportionals when taken alternately. 

Let A, B, C, D be four magnitudes of the same kind, and let A 
be to B as is to D : they are also proportionals when taken alter- 
nately ; that is, A is to 0, as B is to D. 
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(a) V. 15. (d) V. 14. 

(6) Hypoth. (e) V. Dcf. 5. 

(c)V.ll. 

Demonstration. Take of A and B any equimultiples whatever 
E and F ; and of and D take any equimultiples whatever G and 
H ; and because E is the same multiple of A that F is of B, and 
that magnitudes have the same ratio to one another which their 



equimultiples have (a) ; therefore A is to B, as E is to F : but A 
is to B as C is to J> (b) ; wherefore is to D, as E is to F (c) : 
again, because G, H are equimultiples of C, D, therefore C is to I), 



as G is to H (a) : but it was proved that C is to D as E is to F ; 
therefore E is to F as G is to H (c). But when four magnitudes 
are proportionals, if the first be greater than the third, the second 
is greater than the fourth ; and if eoual, equal : if less, less (d) : 
therefore if E be greater than G, F likewise is greater than H ; 
and if equal, equal ; if less, less : and E, F are any equimultiples 
whatever of A, B ; and G, H any whatever of C, t> : therefore A 
is to C, as B U to J) (e). 

Scholium. It is necessary that the four magnitudes should be of the 
tame hind because otherwise a ratio would be established between hetero- 
geneous quantities. 

This proposition maybe algebraically expressed as follows :— 

Theorem. If A : B :: C : D: then A : C :: B : D. 
For if A:B::C:D, 

A C 

B " D ; 

.t. , A B 

therefore 77 — ki 

v 1/ 

and therefore A : C : : B : D. 

PROPOSITION XVII. 

Theorem. — If magnitudes, taken jointly, be proportionals, 
they shall also be proportionals when taken separately ; that 
is, if two magnitudes togetlier have to one of them the same 
ratio which two others have to one of these, the remaining one 
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K- 



of the first two shall have to the other the same ratio which 
the remaining one of the last two has to the other of these. 

Let AB, BE, CD, DF be the magnitudes taken jointly which are 
proportionals ; that is, as AB is to BE so is CD to DF ; they shall 
also be proportionals taken separately, viz. as AE is to EB so is 

Demonstration. Take of AE, EB, CF, 
FD any equimultiples whatever GH, HE, 
LM, MN; and again, of EB, FD take any 
equimultiples whatever EX, NP : and be- 
cause GH is the same multiple of AE that 
HK is of EB, therefore GH is the same mul- 
tiple of AE that GK is of AB (a) ; but GH 
is the same multiple of AE that LM is of 
OF ; therefore GE is the same multiple of 
AB that LM is of OF. Again, because LM 
is the same multiple of OF that MN is of 
FD ; therefore LM is the same multiple of 
CF that LN is of CD (a) : but LM was shown 
to be the same multiple of CF that GE is of 
AB ; therefore GE is the same multiple of 
AB that LN is of CD ; that is, GE, LN are 
equimultiples of AB, CD. Next, because 
HK is the same multiple of EB that MN is 
of FD ; and that EX is also the same mul- 
tiple of EB that NP is of FD ; therefore 
HX is the same multiple of EB that MP is of FD (b). And be- 
cause AB is to BE as CD is to DF (c), and that of AB and CD, 
GE and LN are equimultiples, and of EB and FD, HX and MP 
are equimultiples ; therefore if GE be greater than HX, then LN 
is greater than MP ; and if equal, equal ; if less, less (d) : but if 
GH be greater than EX, then, by adding the common part HE to 
both, GE is greater than HX ; wherefore also LN is greater than 
MP ; and by taking away MN from both, LM is greater than NP : 
therefore if GH be greater than EX, LM is greater than NP. In 
like manner it may be demonstrated, that if GH be equal to EX, 
LM is equal to NP ; and if less, less : but GH, LM are any equi- 
multiples whatever of AE, CF, and EX, NP are any whatever of 
EB, FD : therefore ew AE i* to EB sois CF to FD (d). 

Scholium. This proposition, algebraically expressed, is as follows :— 

Theorem. 7/" A -f B : B :: C + D : D; then A : B :• C : D. 
Because A + B:B::C + D:D, 

A + B C + D 



(a) V. 1. 
lb) V. 2. 

(c) Hypoth. 
(/) V. Def. i 



therefore 



B 
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therefore rr = -r» 



and therefore A : B : : C : D. 



PROPOSITION XVIII. 

Theorem. — If magnitudes, taken separately, be propor- 
tionals, they shall also be proportionals when taken jointly ; 
that is, if the first be to the second as the third to the fourth, 
the first and second together shall be to the second as the 
third and fourth together to the fourth. 

Let AE, EB, CF, FD be proportionals ; that is, as AE is to EB, 
so is OF to FD ; they shall also be proportionals when taken 
jointly ; that is, as AB is to BE, so shall CD be to DF. 

Demonstration. Take of AB, BE, CD, DF any equimultiples 
whatever GH, HK, LM, MN ; and again, of BE, DF, take any 
equimultiples whatever of KO, NP : and because KO, NP are 
equimultiples of BE, DF, and that KH, NM are likewise equimul- 
tiples of BE, DF ; therefore if KO, the multiple of BE, be greater 
than KH, which is a multiple of the same BE, then NP, the mul- 
tiple of DF, is also greater than NM, the multiple of the same 
DF ; and if KO be equal to KH, NP is equal to NM ; and if less, 
less. 

First, let KO be not greater than KH ; 
therefore NP is not greater than NM : and 
because GH, HK are equimultiples of AB, 
BE, and that AB is greater than BE, there- 
fore GH is greater than HK (a) ; but KO is 
not greater than KH ; therefore GH is greater 
than KO. In like manner, it may be shown 
that LM is greater than NP. Therefore if 
KO be not greater than KH, then GH, the 
multiple of AB. is always greater than KO, 
the multiple of BE ; and likewise LM, the 
multiple of CD, is greater than NP, the mul- 
tiple of DF. 

Next, let KO be greater than KH ; there- 
fore, as has been shown, NP is greater than 
NM : and because the whole GH is the same 
multiple of the whole AB that HK is of BE, 
therefore the remainder GK is the same mul- (a) V. Ax. 3. 



M 
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H- 



tV.5. 
V.6. 
Hypoth. 
V. 4, cor. 
V. Ax. 5. 



tiple of the remainder AE that GH is of 
AB (b) ; which is the same that LM is of CD. 
In like manner, because LM is the same 
multiple of CD that MN is of DF, therefore 
the remainder LN is the same multiple of the 
remainder CF that the whole LM is of the 
whole CD (b) : but it was shown that LM is 
the same multiple of CD that GK is of AE ; 
therefore GE is the same multiple of AE 
that LN is of CF ; that is, GK, LN are equi- 
multiples of AE, CF. And because KO, NP 
are equimultiples of BE, DF, therefore if 
from KO, NP there be taken KH.NM, which 
are likewise equimultiples of BE, DF, the 
remainders HO, MP are either equal to BE, 
DF, or equimultiples of them (c). First, let 
HO, MP be equal to BE, DF : then because 
AE is to EB as CF is to FD (d) f and that 
GK, LN are equimultiples of AE, CF ; there- 
fore GK is to EB as LN is to FD (e) : but HO is equal to EB, and 
MP to FD ; wherefore GK is to HO as LN is to MP : therefore if 
GK be greater than HO, LN is greater than MP (/) ; and if 
equal, equal ; and if less, less. 

But let HO, MP be equimultiples of EB, 
FD : then because AE is to EB as CF is to 
FD (d), and that of AE, CF are taken equi- 
multiples GK, LN ; and of EB, FD, the equi- 
multiples HO, MP ; if GK be greater than 
HO, LN is greater than MP ; and if equal, 
equal ; if less, less (jy) ; which was likewise 
shown in the preceding case. But if GH be 
greater than KO, taking KH from both, GK 
is greater than HO ; wherefore also LN is 
greater than MP ; and consequently adding 
NM to both, LM is greater than NP : there- 
fore if GH be greater than KO, LM is greater 
than NP. In like manner it may be shown, 
that if GH be equal to KO, LM is equal to 
NP ; and if less, less. And in the case in 
which KO is not greater than KH, it has (g) V. Def. 5. 
been shown that GH is always greater than 
KO, and likewise LM greater than NP : but GH, LM are any 
equimultiples whatever of AB, CD, and KO, NP are any what- 
ever of BE, DF ; therefore as AB is to BE so is CD to DF Q). 

Scholium. The foregoing proposition, algebraically expressed, is as 
follows :— 

Theorem. If A ;B :: C :D,then A + B :B :; C + D ;D. 

D 8 
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BecauseA:B::C :D, 

A _ C 

B "" D ; 

A C 

therefore g -f 1 = ^ + 1, 

A + B 



w B " D 
and therefore A + B j B :: C + D : D. 

PROPOSITION XIX. 

Theorem. — If a whole magnitude be to a tchole, as a mag- 
nitude taken from the first is to a magnitude taken from the 
other; the remainder shall he to the remainder, as the whole 
to the whole. 

Let the whole AB, he to the whole CD, as AE, a magnitude • 
taken from AB, to OF, a* magnitude taken from CD ; then the re- 
mainder EB, shall he to the remainder FD, as the whole AB to the 
whole CD. 

Demonstration. Because AB is to CD, as AB is to 
OF ; therefore alternately, as AB is to AE, so is CD 
to OF (a) : and because if magnitudes taken jointly 
he proportionals, they are also proportionals when F . 

taken separately (b) ; therefore EB is to AE, as 
FD is to CF ; and alternately, EB is to FD, as AE is 
to CF ; but AE is to CF, as AB is to CD (c) ; there- 
fore alio the remainder EB, w to the remainder FD,ew 
the whole A3 is to the whole CD (d). . 

Corollaet. If the whole he to the whole, as a (cj Hypoth. 
magnitude taken from the first is to a magnitude (<*) V. 11. 
taken from the other ; the remainder shall likewise 
be to the remainder, as the magnitude taken from the first to that 
taken from the other. The demonstration is contained in the 
preceding. 

Scholium. The foregoing proposition, algebraically expressed, is as 
follows : — 

Theorem. #"A+B:C + D :: B :Dj then A: C::A + B:C + D. 
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Because A 4. B : C + D :: B : D } 





A + B 


B 




C + D " 


= D' 


and 


A + B _ 
B ' 


C + D 

- D ' 


erel 


«£ + 1 


-s+^ 




A 
° r B = 


C 
= D' 




A A 


B 


ther 


efore r= = 


A + B 



and therefore A:C::A + B:C+D. 



PROPOSITION B. 



Theorem. — If four magnitudes be proportionals, they are 
also proportionals by conversion : that is, the first is to its 
excess above the second, as the third to its excess above the 
fourth. 

Let AB be to BE, as CD is to DF ; then AB is to AE, as CD is 
toCF. 

Demonstration. Because AB is to BE, as CD is 
to DF, by division (a) } AE is to BE, as OF is to DF ; 
and by inversion (b), BE is to AE, as FD is to CF. 
Wherefore by composition (c), AB is to AE, as CD is 
to CF. 

Scholium. This proposition has been added by Simson. 
the meaning of the terms " by division," and u by composi- 
tion," are those explained in the 17th and 16th definitions. 
The foregoing proposition may be algebraically expressed as 
follows: — 

Theorem. If A : B :: C : D; then A : A ~ B :: C : 
C~D. 
BecauseA :B ::C :D, 



A 
B ; 



C 
: D J 



E- 




u 



tLBMENT8 OF OEOXETBT. 



^ /. A C 

therefore — *** 1 = cr^ 1, 



and 



•B C 



B "" D ' 

therefore A ~ B = B ■ 
C ~ D D ' 

but C = D> 

therefore A ~B _ A 
C ~D ° 



and 







A ~ B C "^ D 
therefore A : A ^. B : : C : C ~ D. 



PROPOSITION XX. 

Theorem. — If there be three magnitudes, and other three, 
which, taken two and two, have the same ratio; then if the first 
be greater than the third, the fourth shall he greater than the 
sixth ; and if equal, equal ; and if less, less. 

Let A, B, C be three magnitudes, and D, E, F other three, which, 
taken two and two, have the same ratio, viz. as A is to B, so is D 
to £ ; and as B is to C, so is E to F ; then if A be 
greater than C, D shall be greater than F ; and 
if equal, equal ; if less, less. 

Demonstration. First, let A be greater than 
; D shall be greater than F. For because A is 
greater than 0, and B is any other magnitude, 
and that the greater has to the same magnitude a b c 
a greater ratio than the less has to it (a) ; there- d e f 
fore A has to B a greater ratio than has to B : 
but as D is to E, so is A to B (b) ; therefore D has 
to E a greater ratio than G has to B (c) ; and be- 
cause B is to 0, as E is to F, by inversion, is to 
B as F is to E ; and D was shown to have to E a 
greater ratio than to B ; therefore D has to E a 
greater ratio than F to E (d) ; but the magnitude r a ) V. 8. 
which has a greater ratio than another to the (&)Hypoth. 
same magnitude, is the greater of the two (e) ; M V. 13. 
therefore D is greater than F. W V. 13, cor 

' * (e) V. 10. 
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Secondly, let A be equal to ; then D shall be 
equal to F. Because A and are equal to one 
another, A is to B as G is to B (/) : but A is to B 
as J) is to E ; and C is to B as F is to E ; where- 
fore D is to E as F is to E (g) ; and therefore D 
is equal to F (h). 



A B 
D E 



Thirdly, let A be less than ; then D shall be 
less than F : for is greater than A, and, as was 
shown in the first case, is to B, as F is to E, and 
in like manner B is to A, as E is to D ; therefore 
F is greater than D, by the first case ; and there- 
fore JD is less than F. 

Scholium. The foregoing proposition maybe alge- 
braically expressed as follows : — 

Theorem. If A, B, C be three magnitudes, and D, E. 
F three others, and & A : B :: D : E, and B : C :: E : F: 

" ' be > C, Dis * ^ " * '" 



then,ifA 
if less, less. 
Because A : B :: D 



is also > F; and if equal, equal; 



A _ D; 

B "" E 



and because B : C :: E i F, 



B 




E 
F ; 



therefore — . -^ =. •— . — 



D 
E 



E • 
F' 



nr A_D 
° r ' C = F ; 



V ) V. 11. 
)V. 9. 



W 



therefore A : C :: D : F, 

whence by the 5th definition it follows that if A is > C, D is > f: and if 
equal, equal ; and if less, less, 
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PROPOSITION XXI. 



A 
D 



Theorem. — If there be three magnitudes, and other three, 
which have the same ratio taken two and two, but in a cross 
order; tlien if the first magnitude be greater than the third, the 
fourth shall be greater than the sixth; and if equal, equal; 
and if less, less. 

Let A, B, C be three magnitudes, and D, E, F 
other three, which have the same ratio, taken two 
and two, but in a cross order, viz. as A is to B, 
so is E to F, and as B is to C, so is D to E ; then 
if A be greater than 0. D shall be greater than 
F ; and if equal, equal ; and if less, less. 

Demonstration. First, let A be greater than 
G ; then D shall be greater than F : for because 
A is greater than C, and B is any other magnitude, 
A has to B a greater ratio than C has to B (a) : 
but as E is to F, so is A to B (b) ; therefore E has 
to F a greater ratio than to B (c) ; and because 
B is to C, as D is to E (b), by inversion, C is to B, 
as E is to I) : and E was shown to have to F a 
greater ratio than C to B ; therefore E has to F a 
greater ratio than E to J> (d) ; but the magni- 
tude to which the same has a greater ratio than 
it has to another, is the lesser of the two (e) ; 
therefore F is less than D ; that is, D is greater 
thanF. 

Secondly, let A be equal to C ; then D shall be 
equal to F. Because A and are equal, A is to 
B,asCistoB(/): but A is to B, as E to F; and 
C is to B as E is to D ; wherefore E is to F as E 
is to D (g) ; and therefore D is equal to F {h). 



(a) V. 8. 
{b) Hypoth. 
(c) V. 13. 
(rf)V. ]3,cor 
(e) V. 10. 



A 
D 
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Thirdly, let A be less than C ; then D shall be 
less than F. For is greater than A, and, as was 
shown, C is to B, as E is to D, and in like manner, 
B is to A, as F is to E ; therefore F is greater 
than D, by the first case ; and therefore D is less 
thanK 

Scholium. This proposition may be algebraically 
expressed as follows: — 

Theorem. If A, B, C be three magnitudes, and D, E 
F three others, such that A : B :: E : F, and B : C :: 
D : E; then if A be > C, D is also > F; and if equal, 
equal; if less, less. 

Because A : B :: E : F, 



and because B : :: D : E, 



then =r 



A 
B : 

B 
C = 

B 



E 
F ; 

D 
E ; 

E 
= F 



D 
E ? 



A D 

or c = F' 



A 

D 



C 
P 



therefore A : C :: D : F, 

whence by the 5th definition it follows that if A is > C, D is > F; and if 
equal, equal; if less, less. 



PROPOSITION XXII. 

Theorem. — If there be any number of magnitudes, and as 
many others, which, taken two and two in order, have the same 
ratio ; the first has to the last of the first magnitudes the same 
ratio which the first has to the last of the others. 



Demonstration. First let there be three magnitudes A, B, 0, 
and as many others D, E, F, which, taken two and two, have the 
same ratio, that is, such that A is to B, as D is to E ; and that B 
is to 0, as E is to F ; then A shall be to C, as D is to F. 

Take of A and D any equimultiples whatever G and H ; and of 
B and E any equimultiples whatever K and L ; and of C and F 

D 8 



18 
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any whatever M and K. Then, because 
AistoB,asDIstoE,and that Q, H 
are equimultiples of A, D, and K, L 
equimultiples of B, E; as G is to K, so 
is H to L (a) : for the same reason, K is 
to M, as L is to N : and because there 
are three magnitudes G, K, M. and other 
three, H, L, N, which, two and two, hare 
the same ratio ; if G be greater than M, 
II is greater than N ; and if equal, equal ; 
if less, less (b) : and G, H are any equi- 
multiples whatever of A, J>, and M, N 
are any equimultiples whatever of C, F ; 
therefore, as A is to C, so is D to F (c). 

Next, let there be four magnitudes A, 
B, C, I), and other four E, F, G, H, which, 
two and two, have the same ratio, viz. as 



c 



D 
H 



F 
N 



(a) V. 4. 
(6)V.20. 
(c) V. Dc£ 5. 




A is to B, so is E to F ; and as B is to 0, 
so is F to G ; and as C is to D, so is G to 
II : then shall A be to D, as E is to H. 

Because A, B, are three magnitudes, 
and E, F, G other three, which, taken two 
and two, have the same ratio ; by the fore- 
going case, A is to 0, as E is to G : but 
is to D, as G is to H ; wherefore again, by the first case, A is to 
D, as E is to H : and so on, whatever be the number of magni- 
tudes. 

Scholium. This proposition is expressed by the terms, eat oquoU, or 
ex (BquOf as explained in the 20th definition. It may be algebraically ex- 
pressed as follows: — 

Theorem. If A, B, C, D be any magnitudes, and E, F, G, H be as many 
others, such that 



then, ex aquo, A i D ii E : H. 



A 
B 
C 


: B :: E : F, 
: :: F : G, 
: D :: G : H, 
&c. 


For 


A 

13 


E 

" F' 




B 



F 
" G' 





D 


G 
fco. 



fclJSMEHTS OF GEOMETRY. 



59 



Thens 



B C _ E 
' D F 


F 

G ' 



5' 


A E 







therefore A : D :: E : H. 



PROPOSITION XXIII. 

Theorem.— jy there be any number of magnitudes, and as 
many others, which, taken two and two, in a cross order, have 
the same ratio ; the first has to the last of the first magni- 
tudes the same ratio which the first has to the last of the 
others. 



c 

L 



E 
M 



Demonstration. First, let there be 
three magnitudes A, B, C, and other 
three, D, E, F, which, taken two and two, 
in a cross order, have the same ratio ; 
that is, such that A is to B, as E is to F ; 
and tnat B is to C, as D is to E ; then 
shall A be to 0, as D is to F. 

Take of A, B, D any equimultiples 
whatever G, H, K ; and of C, E, F any 
equimultiples whatever L, M, N ; and be- 
cause G, H are equimultiples of A, B, 
and that magnitudes have the same ratio 
which their equimultiples have (a) ; as 
A is to B, so is G to H : and for the same 
reason, as E is to F, so is M to N : but as 
A is to B, so is E to F ; as therefore G is 
to H, so is M to N (b). And because as 
B is to 0, so is D to E, and that H, E are 
equimultiples of B, D, and L, M of C, E ; 
as H is to L, so is £ to M (c) : and it has 
been shown that G is to H, as M is to K : 
then, because there are three magnitudes G, H, L, and other three 
K, M, N which have the same ratio taken two and two, in a cross 
order ; if G be greater than L, K is greater than N j and if equal, 
eaual ; if less, less (d) ; and G, K are any equimultiples whatever 
or A, D ; and L, N any whatever of C, F ; therefore as A w to 0, 
eoisDto¥(e). 
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A. B. C. D. 
E. F. 6. H. 



Next, let there be four magnitudes. A, 
B, C, D, and other four E, P, G, H, which, 
taken two and two, in a cross order, have 
the same ratio, viz. A is to B, as G is to 
H; B is to 0, as F is to G; and is to 
D, as E is to F : then shall A be to D, as 
EistoH. 

Because A, B, C are three magnitudes, and F, G, H other three, 
which, taken two and two, in a cross order, have the same ratio ; 
by the first case, A is to 0, as F is to H : but C is to D, as E is to 
F ; wherefore again, by the first case, AistoD,asE is to B.: and 
so on, whatever be the number of magnitudes. 

Scholium. This proposition is expressed by the terms, ex agttaU in pro- 
portions perturbata, or ex axfuo pertttrbate, as explained in the 21st definition. 
Algebraically expressed, it is as follows :— 

Theorem. If A, B, C, D be any magnitudes, and E, F, G, H as many 
others, such that 

A : B :: G : H, 

B : C :: F : G, 

C : D :: E : F, 
then, ex aquo petiurbate, 



A : D :: E : H. 






Fnr A - G 
For B H' 






B F 

" G', 






G E 

D " F' 






&C. 






A B C G 
ltal S'0-D H- 


F 
G 


E 
F' 


A E 
° r D~H' 







therefore A : D :: E : H. 

PROPOSITION XXIV. 

Theorem. — If the first have to the second the same ratio 
which the third has to the fourth ; and the fifth to the second, 
tlw same ratio which the sixth has to the fourth ; the first and 
fifth together shall have to the second, the same ratio which 
the third and sixth together have to the fourth. 



CDF 

(a) V. 22. 
(6) V. 18. 
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Let AB the first, have to C the second, the same ratio which 
DE the third, has to F the fourth ; and let BG the fifth, have to 
the second, the same ratio which EH the sixth, has to F the 
fourth : then, AG the first and fifth together, shall have to C the 
second, the same ratio which DH, the third and sixth together, 
has to F the fourth. 

Demonstration. Because BG is to C, as 
EH is to F; by inversion, is to BG, as F 
is to EH : and because AB is to 0, as DE is 
to F; and C is to BG, as F is to EH ; ex 
cequcdi, AB is to BG, as DE is to EH (a) : 
and because these magnitudes are propor- 
tionals, they shall likewise be proportionals 
when taken jointly (fl) ; therefore as AG is 
to BG, so is DH to EH ; but as BG is to C. 
so is EH to F. Therefore, ex cequali, as Att 
is to C, so is DH to F (a). 

Corollary 1. If the same hypothesis be made as in the pro- 
position, the difference of the first and fifth shall be to the second, 
as the difference of the third and sixth to the fourth : the demon- 
stration of this is the same with that of the proposition, if 
"division" be used instead of "composition." 

Corollary 2. This proposition holds true of two ranks of 
magnitudes, whatever be their number, of which each of the 
first rank has to the second magnitude the same ratio that the 
corresponding one of the second rank has to a fourth magnitude ; 
as is manifest. 

Scholium. The foregoing proposition, algebraically expressed, is as 
follows: — 

Theorem. // A j B :: C : D, and E : B :: F : D; then A + E : 
B::C+F:D. 

For B = D' 
therefore — = - ; 

Al E F 

Als °B= D' 

. E B 
and F = - ; 

therefore ^ = -=,; 



6ft 
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A G 



and 



g-F 



Adding unity to each side, 



E + 1-F + *. 



A + E C + F 



thereto* 
andA + E:B::C + F»D. 




therefore 



PEOP08ITION XXV. 

Theorem. — If four magnitudes of the same hind are 
proportionals, the greatest and least of them together are 
greater than the other two together. 

n 

Demonstration. Let the four magni- 
tudes AB, CD, E, F be proportionals, viz. 
AB to CD, at E to F ; and let AB be the 
greatest of them, and consequently F the 
least (a) ; then shall AB together with F, be 
greater than CD together with E. 

Take AG equal to E, and CH equal to F : 
then, because as AB is to CD, so is E to F, 
and that AG is equal to K and CH equal to 
F ; AB is to CD, as AG is to CH; and be- 
cause AB the whole, is to the whole CD, as 
AG is to CH, likewise the remainder GB 
shall be to the remainder HD, as the whole 
AB is to the whole CD (b) : but AB is greater than CD, therefore 
GBis greater than HD (c).; and because AG is equal to E, and 
CH to F, AG and F together are equal to CH and E together. 
If therefore to the uneaual magnitudes GB, HD, of which GB is 
the greater, there be added equal magnitudes, viz. to GB the two 
AG and F, and to HD the two CH and E ; AB and F together 
are greater than CD and E. 

Scholium. This proposition, may be algebraically expressed as 
follows:— 

Theorem. If A : B :: : D, and if A is the greatest of them, then 
A -f D is > B + C. 
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«s 



For| 



C 



multiplying by B, 

adding D, 

and subtracting B-fO, 



C.B 
'"IP 



A+D=^?+D, 



A + D - (B + = 5-12 + D - (B + C) 

«0.2^£.(B-D) 

= (5-l).(B-D) 

_ (C - D) . (B - D) 

"" D 

Now by the 5th Definition if A is > B, and also > C, then is > D, 
and B is > D, therefore both (0 — D) and (B — D) are positive ; therefore, 

A + Dis>B + Cby( C - D > D a*- D) . 



PROPOSITION F. 



Theorem. — If ratios are compounded of the same ratios, 
they are the same with one another. 



Demonstration. Let A be to B, as D is to 
E ; and B to C, as E is to F : then tho ratio 
-which is compounded of the ratios of A to B, 
and B to C, which, by the definition of com- 
pound ratio, is the ratio of A to C, is the same 
with the ratio of D to F, which, by the same 
definition, is compounded of the ratios of D to E, and E to F. 

Because there are three magnitudes A, B, 0, and three others 



D E F 
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D, E, F, which, taken two and two in order, hare the same ratio ; 
ex ccquali, A is to C, as D is to F (a). 

Next, let A be to B,as E is to F, and B to 0, 
as D is to E ; therefore, ex cequcdi in propor- 
tion* perturbatd, as A is to C, so is D to F (b) ; 
that is, the ratio of A to 0, which is com- 
pounded of the ratios of A to B, and B to C, 
is the same with the ratio of D to F, which is (?) J. |j[- 
compounded of the ratios of D to E, and E to W v - 23. 
F; and in like manner the proposition may be demonstrated! 
whatever be the number of ratios in either case. 

ScnoLiuM. This and the three following propositions have been added 
by Sirason; the two last, propositions H and K, are not read at the Uni- 
versities. 

The foregoing proposition may be algebraically expressed as follows, and 
its truth is then evident. — 

Theorem. If A : B :: E : F 
B:C::F:G 
C : D :: G : H, 
&c. 

Or if A:B::G:H 
B : C :: F : G 
C : D :: E : F, 
&c. 

then ex cequo, or ex cequo perturbati, 

A : D :: E : H. 



PROPOSITION G. 

Theorem. — If several ratios be the same with several ratios, 
each to each ; the ratio which is compounded of ratios which 
are the same with the first ratios, each to each, is the same 
with the ratio compounded of ratios which are the same with 
the other ratios, each to each. 

Demonstration. Let A 
be to B, as E is to F; and 
to D, as G is to H : and let 
A be to B, as K is to L ; and 
C to D, as L is to M: then 
the ratio of K to M, by the definition of compound ratio, is com- 
pounded of the ratios of K to L, and L to M, which are the same 
with the ratios of A to B, and C to D : and as E is to F, so let N 
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be to ; and as G to H, so let be to P ; then the ratio of N to 
P is compounded of the ratios of N to 0, and to P, which are 
the same with the ratios of E to F, and G to H: and it is to be 
shown that the ratio of K to M, is the same with the ratio of N 
to P, or that K is to M, as N is to P. 

Because K is to L, as (A is 
to B, that is, as E is to F, 
that is, as) N is to ; and L 
is to M, as (0 is to D, that is, 
as G is to H, that is, as) is 
to P : therefore, ex OBiuali, K (a) V. 22. 

is to M, as N is to P (a). 

Scholium. This proposition may be algebraically expressed as follows :— 

Theorem. If A : B :: E : F 

and C :D::G:H 

Also, if A : B :: K : L 

C : D :: L : M 

E : F :: N : 

and G : H :: : P 

then K:M::N:P 

„ A K J C L 

For B -L' and D-M' 

..AC K L K 
therefore - . - - £ . - - fi . 

. E N _ G 
and f - Q' and H " P' 

., , E G NO N 
therefore -.---.-.-. 

A . A E . C G 
Again g = p ,and-« ni 



A u , A C 
therefore =r . =r 


E G 
F * H ; 


therefore rj. 
M 


P' 


and K : M : 


: N : P. 



PROPOSITION H. 

Theorem. — Tf a ratio compounded of several ratios be the 
same with a ratio compounded of any other ratios, and if one 
of the first ratios, or a ratio compounded of any of the first, 
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be the same with one of the last ratios, or with the ratio com- 
pounded of any of the last; then the ratio compounded of 
the remaining ratios of the first, or the remaining ratio of 
the first, if but one remain, is the same with the ratio com- 
pounded of those remaining of the last, or with the remain- 
ing ratio of the last. 

Demonstration. Let the first ratios be those of A to B, B to 
0, C to B, D to E, and E to F; and let the other ratios be those 
of G to H, H to K, K to L, and L to M: also, let the ratio of A to 
F, which is compounded of the first 
ratios, be the same with the ratio of 
G to M, which is compounded of the 
other ratios: and besides, let the 
ratio of A to D, which is com- 
pounded of the ratios of A to B, B 
to C, and G to D, be the same with the ratio of G to K, which is 
compounded of the ratios of G to H, and H to K : then the ratio 
compounded of the remaining first ratios, viz. of the ratios of D 
to E, and E to P, which compounded ratio is the ratio of I) to F, 
is the same with the ratio of E to M. which is compounded of the 
remaining ratios of K to L, and L to M, of the other ratios. 

Because, by the hypothesis, A is to D, as G is to 
K ; by inversion, D is to A, as K is to G (a) ; and M V. b. 
as A is to P, so is G to M ; therefore, ex cequalL D ( b ) v - 22 - 
is to F, as K is to M (J). 

Scholium. The foregoing proposition, algebraically expressed, is as 
follows. — 

Theorem. IfAiFbe compounded of A ; B, B : C, C : D, D : E, E : F. 
and G : M, be compounded of G : H, H : K, K : L, L : M; 

and\f A : F :i G : M, 
and A : D :: G : K, 
then D : F :: K : M, 

therefore £ = g, 

A D K 

and I= = 6 , 

, A G 
8180 F=M' 
tw *> A K G 
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D K 

or F = »T 



therefore D : E :: K : M. 



PROPOSITION K. 

Theorem. — If there be any number of ratios, and any 
number of other ratios such that the ratio compounded of 
ratios which are the same with the first ratios, each to each, is 
the same with the ratio compounded of ratios which are the 
same, each to each, with the last ratios; and if one of the first 
ratios, or the ratio which is compounded of ratios which are 
the same with several of the first ratios, each to each, be the 
same with one of the last ratios, or with the ratio compounded 
of ratios which are the same, each to each, with several of the 
last ratios : then the ratio compounded of ratios which are 
the same with the remaining ratios of the first, each to each, 
or the remaining ratio of the first, if but one remain ; is the 
same with the ratio compounded of ratios which are the same 
with those remaining of the last, each to each, or with the 
remaining ratio of the last. 

Dekonstbation. Let the ratios of A to B, C to D, E to F be 
the first ratios ; and the ratios of G to H, K to L, M to N, to P, 
Q to R, be the other ratios : and let A be to B, as S is to T ; and 
C to D, as T is to V; and £ to F, as V is to X ; therefore, by the 
definition of compound ratio, the ratio S to X is compounded of 





h, 


k, 1. 




A, Bj 


C, D; 


E, P; 


S, T, V, X. 


G, H; K, L; 


M, N; 


O, P; Q, R. 


Y, Z, a, b, c, d, 


c, f, g. 


m, 


n, o, p. 





the ratios of S to T, T to V, and V to X, which are the same with 
the ratios of A to B, C to D, E to F, each to each ; also, let G be 
to H, as Y is to Z ; and K to L, as Z is to a ; M to N, as a is to b ; 
to P, as b is to c ; and Q to R, as c is to d : therefore, by the 
same definition, the ratio of Y to d is compounded of the ratios 
of Y to Z, Z to a, a to b, b to c, and c to d, which are the same, 
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each to each, with the ratios of G to H, K to L, M to N, O to P, 
and Q to R : therefore, by the hypothesis, S is to X, as Y is to D: 
also, let the ratio of A to B, that is, the ratio of S to T, which is 
one of the first ratios, be the same with the ratio of e to g, which 
is compounded of the ratios of e to f, and f to g, which, by the 
hypothesis, are the same with the ratios of G to H, and K to L, 
two of the other ratios ; and let the other ratio of h to 1 be that 
which is compounded of the ratios of h to k, and k to 1, which are 
the same with the remaining first ratios, viz. of C to D, and E to 
F ; also, let the ratio of m to p be that which is compounded of 
the ratios of m to n, n to o, and o to p, which are the same, each 
to each, with the remaining other ratios, viz. of M to N, to P, 
and Q to R : then the ratio of h to 1 is the same with the ratio of 
m to p ; that is, h is to 1, as m is to p. 



h, k, 1. 




A, B; C, D; E, F; 


8, T> V, X. 


6, H; K, L; M, N; 0, P; Q, R. 


Y, Z, a, b, c, d, 


e, f, g. m, n, o, p. 





(a)V.ll. 

Because e is to f, as (G is to H, that is, as) Y is to Z ; and f is 
to g, as (K is to L, that is, as) Z is to a ; therefore, ex cequalt, e is 
to g, as Y is to a : and by the hypothesis, A is to B, that is, S is 
to T, as e is to g; wherefore S is to T, as Y is to a ; and, by in- 
version, T is to 8, as a is to Y ; and 8 is to X, as Y is to D ; there- 
fore, ex cequali, T is to X, as a is to d : also, because h is to k, as 
(C is to D, that is, as) T is to V; and k is to 1, as (E is to P, that 
is, as) V is to X ; therefore, ex cequali, h is to 1, as T is to X : in 
like manner it may be demonstrated, that m is to p, as a is to d : 
and it has been shown, that TistoX,asaistod; therefore h is 
to 1, as m is to p (a). 

The propositions G and K are usually, for the sake of brevity, 
expressed in the same terms with propositions P and H ; and 
therefore it was proper to show the true meaning of them when 
they are so expressed ; especially since they are very frequently 
made use of by geometers. 



Scholium. This proposition may be algebraically expressed : — 

Theorem.— If there be a number of ratios A : B, : D, E : F,and\f 

A : B :: S : T 

C : D :: T : V :: h : h 

E : F :: V : X :: h : I 
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^a^«m«^o/ot^r^G:H,K:L,M:N,0:P,Q:B,«^*/ 

G:H::Y:Z:: e\f 
K:L::Z :a::f:g 
M : N :: a : b::m:n 
: P :: b : c :: » : o 
Q:R :: c: d :: o :p 

ewc*ifS:X::Y:d; 

fl«J A:B:: e : 0; then shall 
h : I ::m:i>. 
„ A e 
For B " ? 

A S . , « _ Y 
But 5 = T ,and- - -, 

S Y 

therefore =, — j» 

J S T 
and ^ - -• 

Then^ = r 

S Y 
X = d 

A S « X 

and Y - 3 . 

T X 

therefore - = -j, 
a » 

X a __ m 

and x " "5 "~ ? 

therefore - = 7, 
and to :p ..hit 
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BOOK VI. 

DEFINITIONS. 



1. Similar rectilineal figures are those which have their several 
angles equal, each to each, 
and the sides about the equal 
angles proportionals. 




Scholium. In the cose of tri- 
angles it would have been suffi- 
cient to state that ' similar trian- 
gles are those which have two of 
their angles equal,' because it is 
evident from I, 32 b, the third sides must also be equal, and it is shown in 
the fourth proposition of this book that the sides about the equal angles of 
equiangular triangles are proportionals. But an the case of rectilineal 
figures having more than three sides both the conditions expressed above 
are necessary, because, as in the case of a square and rectangle, the 
angles are equal, each to each, but the sides about the equal angles are not 
proportional. 

2. Two magnitudes are said to be reciprocally proportional to 
two others, when one of the first pair is to one of the second, as 
the remaining one of the second is to the remaining one of the 
first. 

3. A straight line is said to be cut in extreme and mean ratio, 
when the whole is to one of the segments, as that segment is to 
the other. 

Scholium. A straight lino is said to be divided harnipnically, when it is 
divided into three parts, such that the whole line is to one of the extreme 
segments, as the other extreme segment is to the middle part. Three lines 
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ore said to be in harmonioal proportion, when the first (AB) is to the third 
(CD), as the difference between the first 
(AB) and second (BC), is to the difference JB 

between the second (BC) and third (CD); 
and the second (BC) is called a harmonic 
mean between the first (AB) and third (CD) 
Fonr divergent lines (EA, EB, EC, ED) 
which cut a line (AD) in harmonica! pro- 
portion, are called harmonicals ; and tiiis 
mode of dividing a line is termed harmonical 
section, while that described in the third 
definition is termed medial section. 

4. The altitude* of any figure is the 
straight line drawn from its vertex per- 
pendicular to its base. 

Scholium. Any side of a figure may be 
assumed as its base, and its altitude is the 
perpendicular distance from such side to the 
most remote point in the figure. 




PROPOSITION L 

Theorem.— Triangles (ABO, ACD) and parallelograms 
(EC, CF) which have the same altitude, are to one another as 
their bases. 

Construction. Produce BD 
both ways to the mints H, L, 
and take any number of straight 
lines BG, GH, each equal to the 
base BC; and DK, KL, any 
number of them, each equal to 
the base CD; and join AG, AH, 
AK, AL. 

Demonstration. Then be- 
cause CB, BG, GH are all (a) I. 38. 
equal, the triangles ABC, 

AGB, AHG are all equal (a) ; therefore whatever multiple the 
base HC is of the base BC, the same multiple is the triangle AHC 
of the triangle ABC : for the same reason, whatever multiple 
the base CL is of the base CD, the same multiple is the triangle 
ALC of the triangle ADC : and if the base HC be equal to the 
base CL, the triangle AHC is also equal to the triangle ALC (a) ; 
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and if the base HO be greater than the base CL, likewise the tri- 



angle AHO is greater than the 
triangle ALC; and if less, 
less : therefore, since there are 
four magnitudes, viz. the two 
bases BO, CD, and the two tri- 
angles ABO, AOD ; and of the 
base BO, and the triangle 
ABO, the first and third, any 
equimultiples whatever have 
been taken, viz. the base HO. 
and the triangle AHO; and 
also of the base CD and the 
triangle AOD, the second and 
fourth, any equimultiples 




(6) V, Def. 5. 
(c) 1. 41. 
(<0 V. 15. 
(c) V. 11. 



whatever have been taken, viz. the base CL, and the triangle 
ALC ; and since it has been shown, that if the base HC be greater 
than the base CL, the triangle AHO is greater than the triangle 
ALC ; and if equal, equal ; and if less, less ; therefore, as the 
lose BO is to the base CD, so is the triangle ABC to the triangle 
ACD (b). 

And because the parallelogram OE is double of the triangle 
ABC (c), and the parallelogram CF double of the triangle ACD (<?), 
and tnat magnitudes have the same ratio which their equimul- 
tiples have (d) ; as the triangle ABC is to the triangle ACD, so 
is the parallelogram CE to the parallelogram OF : and because it 
has been shown, that, as the base BO is to the base CD, so is the 
triangle ABC to the triangle ACD ; and as the triangle ABC is 
to the triangle ACD, so is the parallelogram CE to the paral- 
lelogram CF ; therefore, as the base BO is to the base CD, so is the 
parallelogram CE to the parallelogram CF (e). 

Corollary 1. From this it is evident, that triangles and paral- 
lelograms which have equal altitudes, are to one another as their 
bases. 

For, let the figures be so placed as to have their bases in the 
same straight line, and draw perpendiculars from the vertices of 
the triangles to the bases, then, because the perpen- ( . 
diculars are both equal and parallel to one another (a), w) I* g|* 
the straight line which joins the vertices is parallel ' * 
to that in which their bases are (b). Then, if the same construc- 
tion be made as in the proposition, the demonstration will be iden- 
tical. 



Corollary 2. Theorem. Triangles (ABC. DBC) and parallelograms 
which have equal bases, are to one another as their altitudes. 
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Construction. Let DBC be so placed that 
its base shall coincide with that of ABC, but their 
vertices shall be on opposite sides; through the 
vertices draw EG ana DH parallel to BC, and 
through B and C draw EF and GH perpendicular 

Demonstration. Then because the parallel- 
ograms GB and BU have the same altitude BC, 
as the parallelogram GB is to the parallelogram 
BH, so is the base GG to the base GH (a) ; but 
the parallelogram BG is double of the triangle 
ABC, and the parallelogram BH is double of the 
triangle DBC, and magnitudes have the same 
ratio which their equimultiples have; therefore, 
the triangle ABC is to the triangle DBC as the 
altitude GC is to the altitude CH. 




(a) VI. 1. 



Corollary 3. Theorem. If neither the bases nor altitudes of triangles 
and parallelograms are equal, they are to one another in the compound 
ratio of their bases and altitudes. 



PROPOSITION II. 

Theorem [1.] — If a straight line (DE) be parallel to ilxe 
base (BC) of a triangle (ABC), it cuts the other sides, or those 
sides produced, so that their segments between the parallel 
and the base (BD and CE) have the same ratio to their seg- 
ments between the parallel and the vertex (DA, EA); that is, 
BD is to DA, as CE is to EA. 

[2.] — In a triangle (ABC) if the sides, or sides produced, be 
cut by a straight line (DE), so that their segments between the 
straight line and the base (BD, CE) have the same ratio as 
their segments between the straight line and the vertex (DA, EA); 
the straight line is parallel to the base. 

Construction. Join BE, CD. 



Demonstration. [1.] The triangles BDE and CDE are equal, 
because they are on the same base DE, and between the same 
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(<*) V. U. 
) Hypoth. 
O V. 9. 

parallels DE and BO (a). Now, ADE is another triangle, and 
equal magnitudes have to the same the same ratio (&), therefore 
the triangle BDE is to the triangle ADE, as the triangle CDE is 
to the triangle ADE : but as the triangle BDE is to the triangle 
ADE, so is BD to DA, because, having the same altitude, viz. the 
perpendicular drawn from the point E to AB, they are to one 
another as their bases (c) ; and for the same reason, as the triangle 
CDE is to the triangle ADE, so is CE to EA : therefore, as ED is 
to DA, so is CE to EA (d). 

[2.] Because BD is to DA, as CE is to EA (e) ; and BD is to DA, 
as the triangle BDE is to the triangle ADE (c) ; and CE is to E A, 
as the triangle CDE is to the triangle ADE (c) : therefore, the 
triangle BDE is to the triangle ADE, as the triangle CDE to the 
triangle ADE (d) ; that is, the triangles BDE, CDE have the 
same ratio to the triangle ADE ; therefore the triangle BDE is 
equal to the triangle CDE (/) ; and they are on the same base : 
but equal triangles on the same base are between the Bame 
parallels {g)> therefore DE is parallel to BC. 

Scholium. This proposition consists of two distinct theorems, each the 
converse of the other. The enunciation of this 
proposition, as given by Simson, is very defective, 
inasmuch as he omits to state which of the seg- 
ments of the sides are homologous to one another 
in the proportion : and that of the converse theorem 
is, strictly speaking, false, since a straight line may 
cut the sides of a triangle proportionally, without 
being parallel to the base; as in the figure, where 
AD is to DB, as CE is to EA. The necessity for 
three figures in the foregoing proposition arises 
from the varying position whioh the line DE may 
have in reference to the triangle, viz. beyond either 
the vertex or the base, or between them. 
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Corollary. Theorem. If several parotids (DE, FG, HI) be drawn 
to the base of a triangle (ABC), every pair 
of corresponding segments in each side will 
be proportional; that is, as AD is to DF, so 
is AE to EG, and as FH is to HB, so is 
GI to IC. 

Demonstration. For, draw HK and FL 
parallel to AC. Then in the parallelograms 
FI, MC, the opposite sides are equal (a), 
therefore, FM equal GI, and ML equal IC; 
and in the triangles AFG and FBL. AD 
is to DF, as AE w to EG (6); and FH is 
to HB, as FM is to ML (6), that is, as GI 
is to IC. 




a) I. 34. 
MVL2. 



PROPOSITION III. 



Theorem [1.] — If the angle of a triangle (ABC) be bisected 
by a straight line (AD) which also cuts the base, the segments 
of the base (BD, DC) shall have the same ratio which the 
other sides of the triangle (AB, AC) have to one another. 

[2.] And if a straight line (AD) drawn from any angle of a 
triangle (ABC) divide the opposite side into segments (BD, DC) 
which have the same ratio as the adjacent sides (AB, AC), it 
bisects the angle. 

Construction. Through draw OB par- 
allel to DA (a) ; then BA produced w{U meet 
OE (b), let them meet in E. 

Demonstration. Because the straight 
Kne AC meets the parallels AD, EC, the 
angle ACE is equal to the alternate angle 
CAD (c) : but CAD, by the hypothesis, is 
equal to the angle BAD : therefore the 
angle BAD is equal to the angle ACE (d). 
Again, because the straight line BAE meets 
the parallels AD, EC, the external angle (?) J* 1 - 
BAD is equal to the internal and opposite (6) Th 5 or T ' attached 
angle AEC (c) : but the angle ACE has been (c n l 39 im ™' 
proved equal to the angle BAD ; therefore (d) f. Ax. 1. 
also ACE is equal to the angle AEC (d), 

e 2 
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and consequently the side AE is equal to 
the side AC (e) : and because AD is drawn 
' parallel to £0, one of the sides of the tri- 
angle BOE ; therefore BD is to DO, as AB 
is to AE (/) : but AE is equal to AC ; 
therefore BD is to DC, as A3 is to AC. 

[2.1 Because AD isparallel to EC, BD is 
to DC, as AB is to AE (/) ; and BD is to 
DC, as AB is to AC (g) ; therefore AB is to 
AC, as AB is to AE (A) ; consequently AC 
is equal to AE (t), and therefore the angle 
AEC is equal to the angle ACE (k) ; but 
the angle AEC is equal to the external and 
opposite angle BAD ; and the angle ACE is . n) v Li 
equal to the alternate angle CAD (c) ; where- >,) y. 9. 
fore also the angle BAD is equal to the (&) I. 5. 
angle CAD (d) ; that is, the angle BAC is 
bisected by the straight line AD. 

Corollary. From this proposition it follows that if the same straight 
line bisects the angle and the base the triangle is isosceles. 



PROPOSITION A. 

Theobem [I-]— If on exterior angle of a triangle (ABC) 
be bisected by a straight line (AD) which also cuts the base 
produced, the segments between the bisecting line and the 
extremities of the base (DB, DO), have the same ratio to one 
another, as the other sides of the triangle (AB, AC) have. 

[2.] And if tJie segments (BD, DC) of the base produced, 
have the same ratio which the other sides of the triangle 
(AB, AC) have, the straight line (AD) drawn from the vertex 
to the point of section bisects the exterior angle (CAE) of 
the triangle. 

Demonstration [1.] Let the exterior angle CAE of any 
triangle ABC, be bisected by the straight line AD which meets 
the base produced in D ; then BD is to DC, as BA is to AC. 
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For, through C draw CF 
parallel to AD (a) ; and be- 
cause the straight line AC 
meets the parallels AD, FC, 
the angle AOF is equal to 
the alternate angle CAD (b) : 
but CAD is equal to the 
angle DAE (c) ; therefore 
also DAE is equal to the 
angle AOF. Again, because 
the straight line FAE meets 
the parallels AD, FC, the 
exterior angle DAE is equal 
to the interior and opposite 
angle CFA : but the angle 
ACF has been proved to be 
equal to the angle DAE ; 




(a) 1. 81. 
f 6) I. 29. 
(c) Hypoth. 
Id) 1. 6. 
(«) VI. 2. 
(/) V. 11. 

(A)V.l. 



therefore also, the angle ACF is equal to the angle CFA, and, 
consequently, the side AF is equal to the side AC (d) ; and be- 
cause AD is parallel to FC, a side of the triangle BCF, BD is to 
DC, as BA is to AF (e) ; but AF is equal to AC ; therefore, as BD 
is to DC, so is BA to AC. 

[2.] Next let BD be to DC, as BA is to AC, and join AD ; then 
the angle CAD is equal to the angle DAE. 

The same construction being made, because BD is to DC, as BA 
is to AC ; and also BD to DC, as BA is to AF (e) ; therefore BA 
is to AC, as BA is to AF (/) ; wherefore AC is equal to AF (y) ; 
and the angle AFC equal to the angle ACF (h) : But the angle 
AFC is equal to the exterior angle EAD, and the angle ACF to 
the alternate angle CAD ; therefore also, EAD is equal to the 
angle CAD. 



Scholia. 1. This proposition consists of two theorems, the converse of 
each other, and is really only a second case of the third proposition. It was 
inserted bv Dr. Simson, who imagines it to have been omitted from the 
Elements by some unskilful editor. 

2. When the triangle ABC ^Off 

is isosceles, the line from the ' 

vertex which bisects the ex- 
terior angle is parallel to the jA^ 
base. 

Corollary. If both the 
exterior angle (CAE) and 
the adjacent interior angle 
(BAC) of a triangle be bi- 
sected by straight lines (AD 
and AG) which cut the base 
and Us production, the base 

thus produced is harmonically divided, that is, BD, DG, and DC are in 
harmonical proportion. 
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PROPOSITION IV. 

Theorem. — If triangles (ABC, DCE) are equiangular, [1] 
the sides about the equal angles are proportional ; [2] and 
the sides which are opposite to the equal angles are homolo- 
gous, that is, are the antecedents or consequents of the 
ratios. 



Demonstration [1.] Let the trian- 
gles DOE and ABO be so placed that 
the sides OE and BO which are opposite 
to the equal angles ODE and BAG, may 
be contiguous and in the same straight 
line ; then, because the angles ABO, 
AOB are together less than two right 
angles (a), ABC and DEO, which is 
equal to AOB, are also less than two 
right angles ; wherefore BA, ED pro- 
duced shall meet (b) : Let them be pro- 
duced and meet in the point F; and be- 
cause the angle ABO is equal to the 
angle DCE (<?), BF is parallel to CD (d). 
Again, because the angle ACB is equal 
to the angle DEO, AC is parallel to 
FE (d) ; therefore FACD is a parallel- 
ogram ; and consequently AF is equal 




(a) 1. 17. 

(b) Theor. attached to 
I 29 





(g) ; and alternately, BA is to BO, as DC is to CE (h). 

[2.1 Again, because CD is parallel to BF, BO is to CE, as FD is 
to DE (/) ; but FD is equal to AC ; therefore BC is to CE as AC 
is to DE ; and alternately, BC is to CA, as CE is to ED. 'There* 
fore, because it has been proved that AB is to BC, as DC is to CE • 
and BO is to CA, as CE is to ED, ex cequali, BA is to AC, as CD w 
to DE. 



the 
for 



equal. 
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PROPOSITION V. 

Theorem. — If two triangles (ABC, DEF) have their sides 
proportional (AB to BC as DE is to EF, and BO to CA as 
EF is to DF), they are equiangular, and the equal angles are 
subtended by the homologous sides. 

Construction. At the points 
E, F, in the straight line EF, make 
the angle FEG equal to the angle 
ABC (a), and the angle EFG equal 
to BCA (a). 

Demonstration. Then the re- 
maining angle BAC is equal to the 
remaining angle EGF (oj, and the 
triangle ABC is therefore equian- 
gular to the triangle GEF; and, 
consequently, they have their sides 
opposite to the equal angles pro- 
portionals (c). Wherefore AB is to 
BC, as GE is to EF ; but, by the 
hypothesis, AB is to BC, as DE is to 
EF, therefore, DE is to EF, as GE 
is to EF. Therefore, DE and GE 
have the same ratio to EF (d), and, 
consequently, are equal (0), For 
the Bame reason, DF is equal to 
FG. And because, in the triangles 
DEF, GEF, DE is equal to EG, and EF common, and also the 
base DF equal to the base GF ; therefore the angle DEF is 



to the angle GEF (/), and the other angles to the other angles, which 
are subtended by the equal sides (g). Wherefore the angle DFE is 
equal to the angle GFE, and EDF to EGF ; and because the 
angle DEF is equal to the angle GEF, and GEF to the angle ABC ; 
therefore the angle ABQ is equal to the angle DEF : For the 
Bame reason, the angle ACB is equal to the angle DFE, and the 
angle at A to the ancle at D. Therefore the triangle ABC is equi- 
angular to the triangle DEF. 

Scholium. This proposition is the converse of the preceding, and bears 
the same relation to the eighth proposition of the first book that the pre- 
ceding does to the twenty-sixth of the same book. 
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PROPOSITION VI. 



Theorem. — If two triangles (ABO, DEF) have one angle 
in each equal (BAC equal to EDF) and the sides about the 
equal angles proportional (BA to AC, as ED is to DF), the 
triangles are equiangular, and have those angles equal which 
the equal sides subtend. 

Construction. At the 
mints D, F, in the straight 
line DF, make the anole FDG 
equal to either of the angles 
BAG, EDF (a) ; and the an- 
gle DFG equal to the angle 
ACB (a). 

Demonstration. Then the 
remaining angle at B is equal 
to the remaining one at G (£), 
and, consequently, the trian- 
gle ABC is equiangular to the 
triangle DGF, and therefore 
BA is to AC, as GD is to DF 
(c). But, by the hypothesis, 
BA is to AC, as ED is to DF ; and therefore ED is to DF, as GD is 
to DF (d) ; wherefore ED is equal to DG (e) : And DF is common 
to the two triangles EDF, GDF ; therefore the two sides ED, DF, 
are equal to the two sides GD, DF ; but the angle EDF is also 
equal to the angle GDF ; wherefore the base EF is equal to the 
base FG (/), and the triangle EDF to the triangle GDF, and the 
remaining angles to the remaining angles, each to each, which are 
subtended bythe equal sides : Therefore the angle DFG is equal to 
the angle DFE, and the angle at G to the angle at E : But the 
angle DFG is equal to the angle ACB ; therefore the angle ACB 
is equal to the angle DFE, and the angle BAC is equal to the 
angle EDF (g) ; wherefore also the remaining angle at B is equal 
to the remaining angle at E. Therefore the triangle ABC is equir 
angular to the triangle DEF. 

Scholium. This proposition corresponds with the fourth proposition of 
the first book- 
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PROPOSITION vn. 

Theorem. — If two triangles (ABC, DEF) have two sides in 
the one proportional to two sides in the other (AB to BC, as 
DE is to EF) ; the angles (A and D) opposite to one pair of 
the homologous sides (BC and EF) equal; and those (C and F) 
opposite to the other pair, either both less, or both not less than a 
right angle; the triangles are equiangular, and the angles 
contained by the proportional sides are equal. 

Demonstration. For, if the A 

angles ABC, DEF be not equal, 
one of them is greater than the 
other ; let ABC be the greater, 
and at the point B, in the straight 
line AB, make the angle ABG equal 
to the angle B (a). Because the 
angle at A is equal to the angle 
at D (£), and the angle ABG to 
the angle at £, the remaining 
angle AGB is equal to the re- 
maining angle at F (c) ; therefore 
the triangles ABG and DEF are 
equiangular ; wherefore as AB is 
to BG, so is DE to EF (d) : But 
DE is to EF, as AB is to BC (b) ; 
therefore as AB is to BC, so is 
AB to BG (e) ; and because AB 
has the same ratio to each of the lines BC, BG ; BC is equal to 
BG (/), and therefore the angle BGC is equal to the angle at C (g\ 
and each of them is less than a right angle (h). Then since BGC 
is less than a right angle, BGA must be greater than a right 
angle, and also the angle at F which is equal to BGC ; but since 
the angle at C is less than a right angle, the angle at F must be 
also less than a right angle, which is absurd ; therefore the angle 
ABC is not greater than the angle at E, and in the same manner 
it may be shown that the angle at E is not greater than the angle 
ABC ; therefore they are equal, and the angle at A is equal to 
the angle at D, wherefore the remaining angle at C is equal to 
the remaining angle at F ; and the triangles ABC and DEF are 
equiangular, and therefore have the sides about the equal angles pro- 
portional (d). 

Scholium. The demonstration of this proposition is considerably «3tae»& 
from Euclid, who makes three cases of it, m&vfcuuusfircaaax^ ^t<s&*~ 
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PROPOSITION VIIL 

Theorem. In a right-angled triangle (ABC), if a perpen- 
dicular (AD) be drawn from the right angle to the base; the 
triangles on each side of it are similar to the whole triangle, 
and to one another. 

Demonstration. Because the 
angles BAG and ADB are equal, 
being both right angles, ana 
that the angle at B is common 
to the two triangles ABC and 
ABD ; the remaining angle at 
C is equal to the remaining 
angle BAB (a) : therefore the 
triangles ABO and ABD are 
equiangular, and the sides about 
their equal angles are propor- 
tionals (b) ; wherefore the tri- 
angles are similar (c) : in the like manner it may be demonstrated, 
that the triangles ADO and ABO are equiangular and similar : 
and the triangles ABD and ADO, being both equiangular and simi- 
lar to ABO, are equiangular ana similar to each otKer. 

Corollary. From this it is manifest, that the perpendicular 
drawn from the right angle of a right-angled triangle to the base, 
is a mean proportional between the segments of the base : and 
also that each of the sides is a mean proportional between the 
base, and its segment adjacent to that side : because in the trian- 
gles BDA, ADO, BD is to DA, as DA is to DO (b) ; and in the tri- 
angles ABO, DBA, BO is to BA, as BA is to BD (b) ; and in the 
triangles ABO, ACD, BO is to CA, as CA is to OD (b). 




PROPOSITION IX. 

Problem. From a given finite straight line 
(AB) to cut off any required part, or submul- 
tiple. 

Solution. From the point A draw a straight 
line AC, making any angle with AB ; and in AC 
take any point D, and take AC the same multiple 
of AD, that AB is of the part which is to be cut of 
from it; join BO, and draw DB parallel to it: 
then AKw the part required to be cut of. 
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Demonstration. Because ED is parallel to BC. one of the 
sides of the triangle ABO ; ad CD 1b to DA, bo is BE to EA (a) ; 
and by composition! C A is to AD, as BA is to AE (b) : but OA is 
a multiple of AD ; therefore BA is the same multiple of AE (<?) : 
whatever part, therefore, AD is of AG, AE is the same jjart of 
AB : wherefore, from the straight line AB the part required is 
cutoff. 



PROPOSITION X. 

Pboblem. To divide a given straight line (AB) similarly 
to a given divided straight line (AC) ; that is, into parts pro- 
portional to the parts of the given divided straight line. 

Solution. Let AC be divided in the points 
D, E ; and let AB, AC be placed so as to contain 
any angle, and join BQ and through the points 
D, E, draw DF, EG, parallels to it (a) ; and 
through D draw DHK parallel to AB. 

Demonstration. Because each of the 
figures FH, HB, is a parallelogram, DH is 
equal to FG (b), and HK to GB (b) ; and be- 
cause HE is parallel to KC, one of the sides 
of the triangle DKC, as CE is to ED, so is KH 
to HD (c) : but KH is equal to BG, and HD 
to GF ; therefore, as CE is to ED. so is BG to 
GF : again, because FD is parallel to EG, one 
of the sides of the triangle AGE, as ED is to 
DA, so is GF to FA : but it has been proved 
that CE is to ED, as BG is to GF ; and as ED 
is to DA, so is GF to FA $ therefore the given straight line AB is 
divided similarly to AC. 

PROPOSITION -XL 

Problem. To find a third proportional to 
two given straight lines (AB and AC). 

Solution. Let the two given straight lines AB 
and AC be so placed as to contain any angles, and 
produce them to the points D, E ; make BD equal 
to AC ; and having joined BC, through D draw 
DE parallel to it (a). 
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Demonstration. Because BO ifl parallel to 
DE, a side of the triangle ADE, AB is to BD, 
as AC is to CE (b) : but BD is equal to AC;- 
therefore, as AB is to AC, so is AC to CE. 
Wherefore to the two given straight lines AB, AC, 
a third proportional CE is found. 



PROPOSITION XII. 

Pboblem. To find a fourth proportional to three given 
straight lines (A, B, and C). 

Solution. Take two straight lines 
DE, DP, containing any angle D, and 
upon these make t>Q equal to A, GE 
equal to B, and DH equal to ; and 
having joined GH, wraw EP parallel 
to it through thepoint E (a); then HP 
is the fourth proportional required. 

Demonstration. Because GH is 
parallel to EP, one of the sides of the 
triangle DEF, DG is to GE, as DH is 
to HF (b) ; but DG is equal to A, 
GE to B, and DH to C ; therefore as A is to B, so is C to HP. 
Wherefore, to the three given lines, A, B, 0, a fourth proportional 
HP is found. 

PROPOSITION XIII. 

Problem. To find a mean proportional between two given 
straight lines (AB and BC). 

Solution. Place AB, BC 
in a straight line, and upon 
AC describe the semicircle ADC ; 
from the point B draw BD at 
right angles to AC (a), and join 
AD, DC. ThenDBisthemean 
proportional required. 

Demonstration. Because 
the angle ADC in a semicircle 
is a right angle (b), and be- 
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cause in the right-angled triangle ADC, DB is drawn from the 
right angle perpendicular to the base, DB is a mean proportional 
between AB BC the segments of the base (c). 



PROPOSITION XIV. 

Theorem [1.]— V e 9.u<d parallelograms (AB and BC) have 
an angle of the one equal to an angle of the other t their sides 
about the equal angles are reciprocally proportional (DB is to 
BE, as GB is to BF). 

[2.] And if parallelograms (AB and BC) have an angle of 
the one equal to an angle of the other, and their sides about the 
equal angles reciprocally proportional, they are equal to one 
another. 

Construction. Let the sides 
DB, BE, be placed contiguous, in 
the same straight line, with the 
parallelograms on opposite sides 
of DE ; then PB, B& are in one 
straight line (a). Complete the 



I 




parallelogram '. 

Demonstration [1.] Because 
the parallelogram AB is equal to 
BC, and that FE is another pa- 
rallelogram, AB is to FE, as BC >?) £ l *' 
is to FE (b) : but as AB is to FE, W ^j 'j 
so is the base DB to BE (c) ; and, >A y.' ii. 
as BC is to FE, so is the base GB (c) v.* 9. 
to BF ; therefore, as DB is to 
BE, so is GB to BF (d). Where- 
fore the sides of the paraUeloarams AB, BC, about their equal angles 
are reciprocally proportional, 

[2.] Let the same construction remain, then, because DB is to 
BE, as GB is to BF ; and DB is to BE, as the parallelogram AB 
is to the parallelogram FE, and GB is to BF,as the parallelogram 
BC is to the parallelogram FE ; therefore AB is to FE, as BC is to 
FE (d) : wherefore, the parallelogram AB is equal to the parallel- 
ogram BC (e). 
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PROPOSITION XV. 



Theorem [1.] — If equal triangles (ABC and ADE) have an 
angle of the one equal to an angle of the other, their sides about 
the equal angles are reciprocally proportional (GA is to AD, 
as EA is to AB). 

[2 J And if triangles (ABC and ADE) have an angle in the 
one equal to an angle in the other, and their sides about the 
equal angles reciprocally proportional, they are equal to one 
another. 




Construction. Let the 
sides CA, AD, be placed con- 
tiguous, in ike same straight 
line, with the triangles on 
opposite sides of CD ; then 
EA, AB are in one straight 
line (a). Join BD. 

Demonstration [1.1 Be- 
cause the triangle ABC is 
equal to ADE, and that AB1) 
is another triangle, the tri- 
angle CAB is to the triangle 
BAD, as the triangle EAD 
is to the triangle DAB (b) : 
but as the triangle CAB is 
to the triangle BAD, so is the base CA to AD (c) ; and, as the tri- 
angle EAD is to the triangle DAB, sjo is the base EA to AB (c) ; 
therefore, as CA is to AD, so is EA to AB (d). Wherefore, the 
sides of the triangles ABO, ADE, about the equal angles are recipro- 
cally proportional, 

[2. J Let the same construction remain, then, because CA is to 
AD, as EA is to AB ; and CA is to AD, as the triangle ABC is to 
the triangle BAD (e) ; and EA is to AB, as the triangle EAD is to 
the triangle BAD (c) ; therefore the triangle BAO is to the trian- 
gle BAD, as the triangle EAD is to the triangle BAD (d) ; where- 
fore the triangle ABC is equal to the triangle ADE (e). 




*r 



PROPOSITION XTL 

Thsobem [1.]— If four straight lines (A B, C D, E & F) be 
proportionals, the rectangle under the extremes (A B and F) 
is equal in area to the rectangle under the means (C D and 
E). 

[2.] — And if the rectangle under the extremes be equal in 
area to the rectangle under the means, the four straight lines 
are proportional. 




Construction. From the 
points A,C, draw AG,CH,af right 
angles to A3, CD ; and make AG 
equal to F, and OH equal to E, 
and complete the parallelograms 
BG, DH. 

Demonstration [1.] Be- 
cause AB is to CD. as £ is to 
F ; and that E is equal to OH, 
and F to AG; AB is to CD, a* r _x x n 

CH is to AG (b) ; therefore the \ b j y. 7. 

sides of the parallelograms BG, (c) VI. 14 

DH, about the equal angles are 
reciprocally proportional; and 

therefore the parallelograms BG and DH are equal in area (c): 
and the parallelogram BG is contained by the straight lines AB, F ; 
because AG is equal to F; and the parallelogram DH is contained 
by CD and E ; because OH is equal to E. Therefore the rectangle 
under the straight lines AB, F, is equal in area to that under CD 
andE. 

[2.] The same construction being made, because the rectangle 
under the straight lines AB, F, is equal in area to that under 
CD, E, and that the rectangle BG is under AB, F, because AG is 
equal to F; and the rectangle DH under CD, E, because CH is 
equal to E; therefore the parallelogram BG is equal in area to 
the parallelogram DH ; and they are equiangular. But the sides 
about the equal angles of equal parallelograms are reciprocally 
proportional (c). Wherefore, AB is to CD, as CH is to AG; and 
CH is equal to E, and AG to F; therefore, as AB is to CD, so is $ 
toF. 
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PROPOSITION XVII. 



Theorem [1.] — If three straight lines (A, B, and C) be pro- 
portionals, the rectangle under the extremes (A and C) is 
equal in area to the square on the mean (8). 

[2.] And if the rectangle under the extremes be equal in area 
to the square on the mean, the three straight lines are pro- 
portionals. 

Demonstration. Take D ^ 

equal to B; and because A is 

to B, as B is to C, and that B S 

is equal to D ; A is to B, as D "** 

is to C (a). But if four straight 
lines be proportionals, the rect- 
angle under the extremes is 
equal in area to that under 
the means (b). Therefore the 
rectangle under A, C is equal 
in area to that under B, D. 
But the rectangle under B, D 
is the square on B ; because B is equal to D. Therefore the rect- 
angle under A, C is equal in area to the square on B. 

[2.] The same construction being made, because the rectangle 
under A, C is equal in area to the square on B, and the square on 
B is equal to the rectangle under B, D, because B is equal to D ; 
therefore the rectangle under A, C is equal in area to that under 
B, D : But if the rectangle under the extremes be equal in area 
to that under the means, the four straight lines are proportionals 
(b) : Therefore A is to B, as D is to ; but B is equal to D : 
wherefore as A is to B, so is B to C. 

Scholium. The foregoing proposition is really only a particular case of 
the sixteenth proposition. 



h 



V.7. 
VI. 16. 



PROPOSITION XVIII. 



Problem. — On a given straight line (AB) to construct a 
rectilineal figure similar, and similarly situated to a given 
rectilineal figure. 
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1. Let the given 
rectilineal figure be 
the quadrilateral 
(CDEF). 

Solution. Join DF, 
and at the points A, B, 
in the straight line AB, 
form the angle BAG 
equal to the angle at 
C (a), and the angle 




(«) I. 23. 

(b) I. 32. 

(c) VI. 4. 



(d) V. 22. 

(e) VI. def. 1. 



ABG equal to the angle ODE (a) ; again, at the points G, B, in the 
straight line GB, form the angle BGfH equal to the angle DFE (a) ; 
and the angle GBH equal to FDE (a) ; men the quadrilateral ABHG 
is similar and similarly situated to the quadrilateral CDEF. 

Demonstration. Because the angle A is equal to the angle 0, 
and the angle ABG to CDF, therefore the remaining angle AGB 
is equal to the remaining angle OFD (b), wherefore the triangles 
AGB and CFD are equiangular; again, because the angle BGH is 
equal to the angle DFE, and the angle GBH to FDE, therefore 
the remaining angle GHB is equal to the remaining angle 
FED (b) ; wherefore the triangles BGH and DFE are equiangular. 
Then because the angle AGB is equal to the angle CFD, and 
BGH to DFE, the whole angle AGH is equal to the whole 
CFE: For the same reason, the angle ABH is equal to the 
angle CDE ; also the angle at A is equal to the angle at C, 
and the angle GHB to FED. Therefore the rectilineal figure 
ABHG is equiangular to CDEF. But likewise these figures have 
their sides about the equal angles proportionals ; because the 
triangles GAB, FCD, being equiangular, BA is to AG, as DC is to 
CF (c) ; and because AG is to GB, as CF is to FD ; and as GB to 
GH, so, by reason of the equiangular triangles BGH, DFE, is FD 
to FE; therefore, ex cequali, AG is to GH, as CF is to FE (d). 
In the same manner it may be proved that AB is to BH, as CD is 
to DE; and GH is to HB, as FE is to ED (c)< Wherefore, because 
the rectilineal figures ABHG, CDEF are equiangular, and have 
their sides about the equal angles proportionals, they are similar 
to one another (e), 
2. Next let the given rectilineal figure be CDEEF. 

Solution. Join DE, and upon the given straight line AB describe 
the rectilineal figure ABHG, similar, and similarly situated to the 
quadrilateral figure CDEF, by the former case; and at the points 
B, H, in the straiaht line BH, make the angle HBL equal to the 
angle EDK, and the angle BHL equal to the angle DEK (a) ; then 
the rectilineal figure ABLHG is similar, and similarly situated to the 
figure CDKE& 
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Demonstration. Be- 
cause the angle HBL is 
equal to EDE, and the 
angle BHL to EDK, 
therefore the remain- 
ing angle L is equal 
to the remaining an- 
gle E (b) : and because 
the figures ABHG, 
CDEP are similar, the (m j. 32. (<« y. 22. 

angle GHB is equal to (c) VI. 4. (e) VI. Def. 1. 

the angle FED (e) ; 

and the angle BHL is equal to DEE ; therefore the whole angle 
GHL is equal to the whole angle FEE ; and for the same reason 
the angle ABL is equal to the angle ODE : therefore the five- 
sided figures ABLHG, CDKEF are equiangular. And because 
the figures ABHG, CDEF are similar, GH is to HB, as FE is to 
ED (<?) ; but as HB is to HL. so is ED to EE (c) ; therefore, ex 
cequali, GH is to HL, as FE is to EE (d) ; for the same reason, 
AB is to BL, as CD is to DE ; and because the triangles BLH 
and DEE are equiangular, BL is to LH, as DE is to EE (c). 
Therefore, because the rectilineal figure* ABLHG, CDEEF are 
equiangular, and hare their sides about the equal angles propor- 
tionals, they are similar to one another (e). 

Scholium. Similar figures ar* said to be "similarly situated" when 
their homologous sides are parallel. 



PBOPOSITION XIX 
Theoeem. — Tj triangles (ABC, DEF) are similar, they are 
to one another in the duplicate ratio of their homologous 
sides (BC, EF). 

Conbtbvction. Take BG a 
third proportional to BC, EF 
(a), so that BC is to EF, as EF 
u to BG : and join GA. 

Demonstration. Then, be- 
cause AB is to BC, as DE is to 
EF ; alternately, AB is to DE, 
as BC is to EF (6); but as BO , . vr . , 

is to EF, so is EF to BG 5 (6)V.16. 

therefore as AB is to DE, so is ( c ) y.' n" 

EF to BG (c) ; and the sides 
of the triangles ABG, DEF 





(<n VI. 15. 
(e) V. Def. 10. 
(/) VI. 1. 
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which are about the equal 
angles, are reciprocally pro- 
portional. But triangles 
which have the sides about 
two equal angles recipro- 
cally proportional are equal 
to one another (d) ; therefore 
the triangle ABO is equal to 
the triangle DEF. And be- 
1 cause as BO is to EF, so is 
EF to BG ; and that if three 
straight lines be propor- 
tionals, the first is said to 
have to the third the duplicate ratio of that which it has to 
the second (e) ; therefore BC has to BG the duplicate ratio of 
that which BC has to EF. But as BO is to BG, so is the triangle 
ABO to the triangle ABG (/) ; therefore the triangle ABC has 
to the triangle ABG the duplicate ratio of that which BO has 
to EF ; but the triangle ABG is equal to the triangle DEF ; where- 
fore also the triangle ABO has to the triangle DEF the duplicate 
ratio of that which BO has to EF. 

Cokollaby. From this it is manifest, that if three straight 
lines be proportionals, as the first is to the third, so is any triangle 
upon the first to a similar, and similarly-described triangle upon 
the second. 



PBOPOSITION XX. 



Theobem.— If polygons (ABODE, FGHKL) are similar, 
they may be divided into the same number of similar trian- 
gles, haying the same ratio to one another that the polygons 
have ; and the polygons have to one another the duplicate 
ratio of that which their homologous sides (AB, FG) have. 

Consmhtctiok. Join BE, EO, GL, LH. 

Demonstration. Because the polygon ABODE is similar 
to the polygon FGHKL, the angle A is equal to the angle 
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F, and B A is to AE, as GF is 
to FL (a) ; and because the 
triangles ABB, FGL have an 
angle in one equal to an angle 
in the other, and their sides 
about these equal angles pro- 
portionals, the triangles are 
equiangular (b), and therefore 
similar (c) ; wherefore the angle 
ABE is equal to the angle 
FGL. And, because the poly- 
gons are similar, the whole 
angle ABC is equal to the ^e/ VI. 1.9. 

whole angle FGH (a); there- (/)V.ll. 

fore the remaining angle EBG Q) V. 12. 

is equal to the remaining 
angle LGH. And because the triangles ABE, FGL are similar, 
EB is to BA, as LG is to GF (a) ; and also, because the polygons 
are similar, AB is to BO, as FG is to GH (a) ; therefore, ex osquali, 
EB is to BC, as LG is to GH (d) ; that is, the sides about the 
equal angles EBO, LGH are proportionals ; therefore the triangles 
EBO and LGH are equiangular (b), and similar (c). For the same 
reason, the triangle ECD is similar to the triangle LHK : there- 
fore the similar polygons ABODE, FGHKL are divided into the 
same number of similar triangles. 

Also these triangles have, each to each, the same ratio which 
the polygons have to one another, the antecedents being ABE, 
EBO, ECD, and the consequents FGL, LGH, LHK : and the poly- 
gon ABODE has to the polygon FGHKL the duplicate ratio of 
that which the side AB has to the homologous side FG. 

Because the triangles ABE, FGL, are similar, ABE has to FGL 
the duplicate ratio of that which the side BE has to the side 
GL (e). For the same reason, the triangle BEC has to GLH the 
duplicate ratio of that which BE has to GL. Therefore, as the 
triangle ABE is to the triangle FGL, so is the triangle BEO to 
the triangle GHL (/). Again, because the triangles EBC, LGH 
are similar, EBO has to LGH the duplicate ratio of that which 
the side EC has to the side LH. For the same reason, the trian- 
gle EOD has to the triangle LHK the duplicate ratio of that 
which EO has to LH. As therefore the triangle EBO is to the 
triangle LGH, so is the triangle ECD to the triangle LHK (/) ; 
but it has been proved that the triangle EBC is likewise to 
the triangle LGH, as the triangle ABE to the triangle FGL. 
Therefore, as the triangle ABE is to the triangle FGL, so is 
the triangle EBC to the triangle LGH, and the triangle ECD to 
the triangle LHK. And because, as one of the antecedents is to 
one of the consequents, so are all the antecedents to all the con- 
sequents (g)> therefore as the triangle ABE is to the triangle 
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FGL, so is the polygon ABODE to the polygon FGHKL ; but the 
triangle ABE has to the triangle FGL the duplicate ratio of that 
which the side AB has to the homologous side FG. Therefore, 
also, the polygon ABODE has to the polygon FGHKL the duplicate 
ratio of that which AB has to the homologous side FG. 

Corollary 1. In like manner it may be proved, that similar 
four-sided figures, or figures of any number of sides, are to one 
another in the duplicate ratio of their homologous sides, as has 
already been proved in the case of triangles. Therefore, univer- 
sally, similar rectilineal figures are to one another in the duplicate 
ratio of their homologous sides. 

Corollary 2. And if to AB, FG, two of the homologous sides, 
a third proportional M be taken, AB has to M the duplicate ratio 
of that which AB has to FG (a) ; but the four-sided 
figure, or polygon upon AB nas to the four-sided M V. Def. 10. 
figure or polygon upon FG likewise the duplicate W VI. 19, cor. 
ratio of that which AB has to FG ; therefore, as 
AB is to M, so is the figure upon AB to the figure upon FG, 
which was also proved in the case of triangles (5). Therefore, 
universally, it is manifest that if three straight lines be propor- 
tionals, as the first is to the third, so is any rectilineal figure upon 
the first, to a similar and similarly-described rectilineal figure 
upon the second. 

Corollary 3. From the foregoing it follows, that the perimeters of 
similar rectilineal figures are as their homologous sides. 



PROPOSITION XXL 

Theorem.— If rectilineal figures (A and B) are similar to 
the same rectilineal figure (C), they are also similar to one 
another. 

Demonstration. Because 
A is similar to 0, they are 
equiangular, and also have 
their sides about the equal 
angles proportionals (a). 
Again, because B is similar 
to 0, they are equiangular, 
and have their sides about 
the equal angles propor- 
tionals (a). Therefore the (a) VI. Def. 1. 




94 



ELEMENTS 0* 0E0METBY. 



figure* A, B are each of 
them equiangular to G, and 
have the sides about the 
equal angles of each of them 
arid of proportionals. 
Wherefore the rectilineal 
figures A and B are equian- 
gular (b)> and have their 
sides about the equal angles 
proportionals (<?). Therefore 
A is similar to B. 




(ft) L Ax. 1. 
(c)V.ll. 



PROPOSITION xm 

Theorem [1.]— If four straight lines (AB, CD, EF, GH) 
be proportionals, the similar rectilineal figures similarly de- 
scribed upon them shall also be proportionals ; [2] and if 
the similar rectilineal figures similarly described upon four 
straight lines be proportionals, those straight lines shall also 
be proportionals. 

Construction. Upon AB, CD 
let the similar rectilineal figures 
KAB, LCD be similarly described; 
and upon EF, GH, the similar rec- 
tilineal figures MF, NH, similarly 
'described 



Demonstration [1.] To AB, 
CD, take a third proportional 
X (a) ; and to EF, GH, a third 
proportional 0. And because AB 
is to CD, as EF is to GH, and that 
CD is to X, as GH is to (b) ; 
therefore, ex cequali, as AB is to X, 
so is EF to (c). But as AB is 
to X, so is the rectilineal figure 
KAB to the figure LCD ; and as 
EF is to 0, so is the figure MF to 
the figure NH (d) ; therefore, 
as KAB is to LCD, so is MF to 
NH (b). 

[2.1 Take a line PR, so that AB 
m to CD, as EF is to PR (e), and 
upon PR describe the rectilineal 
figure SR similar and similarly 




(d) VI. 20, cor. 2. 
(«) VI. 12. 
(/) VI. 18. 

W V - 9 - 
QO V. 7. 
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situated to either cf the figure* MP, NH (J). Then because as 
AB is to CD, so is EF to PR, and that upon AB, CD are described 
the similar and similarly-situated rectilineal figures KAB, LCD, 
and upon EF, PR, in like manner the similar rectilineal figures 
MP, SR ; KAB is to LCD, as MF is to SR ; and therefore the rec- 
tilineal figure MF having the same ratio to each of the two NH, 
SR, these are equal to one another (g) ; they are also similar and 
similarly situated ; therefore GH is equal to PR. And because as 
AB is to CD, so is EF to Pfy and that PR is equal to GH (k) \ AB 
is to CD, as EP is to GH. 



PROPOSITION XXIII. 



Theorem. — If parallelograms (AC, CF) are equiangular, 
they have to one another the ratio which is compounded of 
the ratios of their sides. 

Construction. Let BC, CG, two of the 
sides about the eaual angles be placed in a 
straight line; therefore DC and CE are 
also in a straight line (a). Complete the 
parallelogram DG; and 9 taking any 
straight line K, make as BC is to CfG, so is 
K to L ; and as DC is to CE, so make L to 
M(J). 

Demonstration. The ratios of K to L, 
and L to M, are the same with the ratios 
of the sides, namely, of BC to CG, and 
DC to CE. But the ratio of K to M is 
that which is said to be compounded of 
the ratios of K to L, and L to M (c) ; 
wherefore also K has to M the ratio com- -g- -J- -^ 
pounded of the ratios of the sides. And 
because as BC is to CG, so is the paral- 
lelogram AC to the parallelogram CH (d) ; W *•/* • 
and as BO is to CG, so is K to L ; w 
therefore K is to L, as the parallelogram 
AC is to the parallelogram CH {e). 
Again, because as DC is to CE, so is 
the parallelogram CH to the. parallel- 
ogram. CF ; and as DO is to CE, so is L 
to M 5 therefore L is to M, as the paral- 
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lelogram CH is to the parallelogram CP. 
Therefore, since it has been proved, that 
as K is to L, so is the parallelogram AC 
to the parallelogram CH ; and as L is to 
M, so is the parallelogram OH to the 
parallelogram OF ; ex ceauali, K is to M, 
as the parallelogram AC is to the paral- 
lelogram CF (/). But K has to M the 
ratio which is compounded of the ratios 
of the sides ; therefore also the parallel- 
off ram AC has to the parallelogram CF the 
ratio which is compounded of the ratios 
of the sides. 




Km 



(/) V. 22. 



Corollary 1. If triangles have an angle of the one equal to an angle of 
the other, they are to one another as the rectangles under the sides about 
those angles. 

Corollary 2. If triangles and parallelogram* are equiangular, they are 
to one another as the rectangles under their bases and altitudes. 



PROPOSITION XXIV. 



Theobem. — If parallelograms (EG, HK) are about the dia- 
meter of any parallelogram (ABCD), they are similar to the 
whole and to one another. 

Demonstration. Because DC, GF are 
parallels, the angle D is equal to the 
angle AGF (a) ; and because BC, EF are 
parallels, the angle B is equal to the 
angle AEF (a) ; also each of the angles 
BCD, EFG are equal to the opposite 
angle DAB (b), and therefore are equal 
to one another; wherefore the parallelo- 
grams ABCD, AEFG are equiangular. 
And because in the triangles BAC, EAF 
the angles B and AEF are equal, and the 
angle BAC common to both, they are 
equiangular to one another ; therefore as 
AB is to BC, so is AE to EF (c). And 
because the opposite sides of parallelograms are equal to one 
another (b), AB is to AD, as AE is to AG (d) ; and DC is to CB, as 
GF is to FE ; and also CD is to DA, as FG is to GA. Therefore 




(a) 1. 29. 
m I. 34. 
(<0 VI. 4. 

W v - 7 - 

(c) VI. Def. 1. 

(/) VI. 21. 
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the sides of the parallelograms ABCD, AEFG about the equal 
angles are proportionals ; and they are therefore similar to one 
another (e) ; and for the same reason, the parallelogram ABCD is 
similar to the parallelogram FHCK. Wherefore each of the paral- 
lelograms GE, KH, is similar to DB ; but rectilineal figures which 
are similar to the same rectilineal figure are also similar to one 
another (/) ; therefore the parallelogram GE is similar to KH. 



PROPOSITION XXV. 

Problem. To construct a rectilineal figure which shall be 
similar to one (ABC), and equal to another given rectilineal 
figure (D). 

Solution. Upon the 
straight line BC construct 
the parallelogram BE 
equal to the figure ABC 
(a) ; also upon CE con- 
struct the parallelogram 
CM equal to D, ana hav- 
ing the angle FCE equal 
to the angle CBL (a); 
then BC and CF are in a 
straight line (6), as are 
also LE and EM. Be- 
tween BC and CFfind a 
mean proportional GH (c), 
and upon GH construct 
the rectilineal figure KGH, 
similar and similarly 
situated to the figure 
ABC (d), and it shall be the rectilineal figure required equal to D. 

Demonstration. For BC is to GH, as GH is to CF, and if three 
straight lines be proportionals, as the first is to the third, so is the 
figure upon the first to the similar and similarly-described figure 
upon the second (e) ; therefore as BC is to CF, so is the rectilineal 
figure ABC to KGH ; but as BC is to CF, so is the parallelogram 
BE to the parallelogram EF (/) ; therefore as the rectilineal 
figure ABC is to KGH, so is the parallelogram BE to EF (g). But 
the rectilineal figure ABC is equal to the parallelogram BE; 
therefore the rectilineal figure K&H is equal to the parallelogram 
EF (h). But EF is equal to the figure D ; therefore also EGH is 
equal to P ; and it is similar to ABC. 

P 
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Scholium. This proposition may be more generally enunciated " To 
construct a figure of a given tpeciu and a given magnitude." 



PROPOSITION XXVI. 

Theorem. If two similar parallelograms (ABCD, AEFG) 
have a common angle (DAB), and be similarly situated, they 
are about the same diameter. 

Demonstration. For, if not, let 
the parallelogram ED have its dia- 
meter AHC in a different straight 
line from AF the diameter of the 
parallelogram EG, and let GF meet 
AHC in H ; through H draw HK 
parallel to AD or BC (a). Then, 
because the parallelograms ABCD, 
AEHG are about the same diameter, 
they are similar to one another (b) ; 
therefore as DA is to AB, so is GA 
to AK (c). But because ABCD and 
AEFG are similar parallelograms, 
as DA is to AB, so is GA to AE ; fce/v.'sT 

therefore GA is to AE, as GA is to 
AK (d) ; wherefore GA has the same ratio to each of the straight 
lines AE, AK, therefore they are equal (*), the less to the greater, 
which is impossible. Therefore ABCD and AKHG are not about 
the same diameter ; wherefore ABCD and AEFG must be about 
the same diameter. 



PROPOSITION XXVII. 

Theorem. — Of all the paral- 
lelograms that can be inscribed 
in any triangle (NAB), that which 
is constructed on the half of one 
of the sides as base, is the greatest. 

Construction. Let ACDM be a 
parallelogram constructed on half 
the base AB, and AKFG any other 
parallelogram inscribed in the 
triangle NAB ; complete the paraUdogram AE and produce GF and 
KF to L and H. 
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Demonstration. Because AC and OB are equal, the parallel- 
ogram AD is equal to the parallelogram CE, and the parallel- 
ogram AO to the parallelogram OH (a) ; and because OF and FE 
are the complements of the parallelograms OL and KH, OF is 
equal to FE (b) ; therefore, adding equals to equals, the parallel- 
ogram AF is equal to the gnomon LBO. But the parallelogram 
OE is greater than the gnomon LBO ; therefore the parallelogram 
AB is also greater than the gnomon LBO. But the parallelogram 
AF is equal to the gnomon LBO ; therefore the parallelogram AD 
is greater than the parallelogram AF ; and in the same manner it 
may be shown that the paralldoaram AD is greater than any other 
parallelogram that can he inscribed in the triangle NAB. 

Scholium. The enunciation of this proposition, as given by Euclid, is as 
follows :— " Of all the parallelograms applied to the same straight line, and 
deficient by parallelograms, similar and similarly situated to that which is 
described upon the half of the line; that which is applied to the half, and 
is similar to its defect, is the greatest/' That which has been substituted 
above is not only more intelligible but admits of a shorter prove 



PROPOSITION XXVIII. 



Peoblem. To divide a given straight line (AB) into two 
parts such that parallelograms of equal altitude may be con- 
structed upon them, one equal to a given rectilineal figure (0\ 
and the other similar to a given parallelogram (D) ; the rectili- 
neal figure (C) not being 
greater than the paral- 
lelogram constructed on 
half the given line, and 
similar to the given pa- 
rallelogram. 



Solution. Divide AB 
into two equal parts in the 
point £ (a), and upon EB 
construct the parallelogram 
EBFG simitar and simi- 
larly situated to D (b), and 
complete the parallelogram 
AC, which, by the deter- 
mination, must be either 




(a) 1. 10. 

(6) VI. 18. 
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equal to C, or greater than 
it. If AG be equal to C, 
then what was required is 
already done. For, upon 
AE, one of the parts of 
AB, the parallelogram 
AG is constructed equal 
to the given rectilineal 
figure C ; and upon £8, 
the other part, a parallel- 
ogram of equal altitude, 
has been constructed, 
similar and similarly situ- 
ated to the given paral- 
lelogram D. But if AG 
be not equal to C, it is 
greater than it ; and be- 
cause EF is equal to AG, 
therefore EF is also 
greater than C. Make 
the parallelogram KLMN 

Xal to the excess of EF 
ve C, and similar and similarly situated to D (c) ; but D is 
similar to EF, therefore also the parallelogram KM is similar to 
EF (d). Let KL be the homologous side to EG, and LM to GF ; 
then because EF is equal to C and EM together, EF is greater 
than EM, therefore the straight line EG is greater than KL, and 
GF than LM. Make GX equal to LE, and GO equal to LM, and 
complete the parallelogram aGOP. Then XO is equal and similar 
to KM ; but KM is similar to EF ; therefore also XO is similar to 
EF, and therefore XO and EF are about the same diagonal (e). 
Let GPB be their diagonal, and produce XP to T and K, and OP 
to S. Then because EF is equal to and KM together, and XO 
a part of the one is equal to KM a part of the other, the remain- 
der, namely, the gnomon ORE, is equal to the remainder 0. And 
because OR is equal to XS (/), by adding SR to each, the whole 
OB is equal to the whole XB ; but XB is equal to TE (g), because 
the bases AE and EB are equal ; wherefore also TE is equal to 
OB ; add XS to each, then the whole TS is equal to the gnomon 
ORE ; but it has been proved that the gnomon ORE is equal to 
C ; and therefore also TS is equal to C. Wherefore the given line 
AB is divided into two parts AS, SB, such that the parallelogram TS 
constructed on one of them is equal to C, and the parallelogram SR 
of the same aUiiude } constructed on the other part } is similar to the 
given one D, because SR is similar to EF (h). 



ELEMENTS OF GEOMETEY. 



101 



PROPOSITION XXIX. 

Pkoblem. To produce a given straight line (AB) so that 

a parallelogram similar to a given one (D) being constructed 

on the produced part, another parallelogram of equal altitude 

constructed on the whole line produced, may be equal to a 

given rectilineal figure (C). 

Solution. Bi- 
sect AB in the 
point E, and on 
EB construct the 
parallelogram EL, 
similar and simi- 
larly situated to 
D (a) ; and make 
the parallelogram 
GH equal to EL 
and C together, 
and similar and 
similarly situated 
to D (b) ; where- 
fore GH is simi- 
lar to EL (c). Let 
KH be the side 
homologous to 
FL, and KG to 
FE ; then be- 
cause the paral- 
lelogram GH^ is greater than EL, 




a) VI. 18. 

b) VI. 25. 

c) VI. 21. 
<0 VI. 26. 



I.J 
1.43. 
g) VI. 24. 



therefore the side KH is 
greater than FL, and EG than FE! Produce FL and FE, and 
make FLM equal to KH, and FEN to KG, and complete t/ie paral- 
lelogram MN. MN is therefore equal and similar to GH ; but GH 
is similar to EL ; wherefore MN is similar to EL, and consequently 
EL and MN are about the same diagonal (d). Draw their diagonal 
FX, and complete the figure. Therefore since GH is equal to EL 
and together, and that GH is equal to MN ; MN is equal to EL 
and C; take away the common part EL; then the remainder, 
namely, the gnomon NOL, is equal to 0. And because AE is 
equal to EB, the parallelogram AN is equal to the parallelogram 
NB (e), that is, to BM (/). Add NO to each, therefore the whole 
parallelogram AX, is equal to the gnomon NOL. But the gnomon 
NOL is equal to C. Wherefore, upon the whole produced line AO 
there is constructed the parallelogram AX equal to the given figure C ; 
and the parallelogram PO of the same altitude as AX, is constructed 
on the produced part BO, and is similar to D, because PO is similar 
to EL. 
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PROPOSITION XXX. 

Problem. To cut a given straight line (AB) in extreme 
and mean ratio. 



Solution. Divide AB in the point C, so 
that the rectangle under AB, BC, may he 
equal to the square on AC (a). 



(a) II. 11. 
(6)VL17. 
(c) VI. Defc 3. 



Demonstration. Then, because the rec- 
tangle AB, BO is equal to the square on 
AC, as BA is to AC, so is AC to CB (b) ; therefore AB is cut in 
extreme and mean ratio in C (c). 



PROPOSITION XXXI. 



Theorem. — If a triangle (ABC) be right-angled, the rec- 
tilineal figure described upon the side opposite to the right 
angle, is equal to the similar and similarly-described figures 
upon the sides containing the right angle. 



Demonstration. Draw the 
perpendicular AD (a). Then, 
because in the right-angled 
triangle ABC, AD is drawn 
from the right angle at A, 
perpendicular to the base BC, 
the triangles ABD, ADC are 
similar to the whole triangle 
ABC, and to one another (b) ; 
and because the triangle ABC 
is similar to ADB, as CB is to 
BA, so is BA to BD (c) ; and 
because these three straight 
lines are proportionals, as the 
first is to the third, so is the 
figure upon the first to the 
similar and similarly-described 
figure upon the second (d) ; 
therefore as CB is to BD, so 




) 1. 12. 
) VI. 8. 
) VI. 4. 
) VI. 20, cor. 2. 

JV.B. 

V. 24. 

GOV. a. 
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is the figure upon CB to the similar and similarly-described figure 
upon BA : and inversely, as DB is to BO, so is the figure upon 
BA to that upon BO (e) : for the same reason, as DO is to OB, so 
is the figure upon CA to that upon CB : therefore as BD and DC 
together are to BO, so are the figures upon BA, AC to that upon 
BC (/) : but BD and DC together are equal to BO ; therefore the 
figure described on BC is equal to the similar and similarly-described 
figures upon BA, AC (g). 



PROPOSITION XXXII. 



Theorem. — If two triangles (ABO, DCE) which have two 
sides of the one (BA, AC) proportional to two sides of the 
other (CD, DE) be joined at one angle so as to have their 
homologous sides parallel to one another, the remaining sides 
shall be in a straight line. 

Demonstration. Because 
AB is parallel to DC, and the 
straight line AC meets them, 
the alternate angles A, ACD 
are equal (a) : for the same 
reason, the angle D is equal 
to the angle ACD; wherefore 
also A is equal to D: and 
because the triangles ABC, DCE 
have one angle at A equal to 
one at D, and the sides about 
these angles proportionals, viz. 
BA to AC, as CD is to DE, the 
triangle ABC is equiangular to 
the triangle DCE (b) ; therefore the angle B is equal to the 
angle DOE : and the angle A was proved to be equal to ACD ; 
therefore the whole angle ACE is equal to the two angles B, 
A: add the common angle ACB, then the angles ACE, ACB 
are equal to the angles B, A, ACB: but B, A, ACB are 
equal to two right angles (c): therefore also the angles ACE, 
ACB are equal to two right angles ; and since at the point C, in 
the straight line AC, the two straight lines BC, CE, which are on 
the opposite sides of it, make the adjacent angles ACE, ACB 
equal to two right angles, therefore BC <mm& Q& wrt ^ o. <«<»^fc 
line (d). 




(a) I. 29. 
Q) VI. 6. 
(e) I. 32. 
(d) 1. 14. 
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PROPOSITION XXXIIL 

Theorem. — In equal circles, angles, whether at the centre* 
or circumferences, have the same ratio which the circum- 
ferences on which they stand have to one another; so also 
have the sectors. 

Demonstration. Let ABO, DEF be equal circles ; and at their 
centres the angles BGC, EHF, and the angles BAC, EDF at their 
circumferences : as the circumference BO to the circumference 
EF, so shall the angle BGC be to the angle EHF, and the angle 
BAO to the angle EDF ; and also the sector BGO to the sector 
EHF. 

Take any number of cir- 
cumferences CK, ELL, each 
equal to BC, and any number 
whatever FM, MN, each equal 
to EF ; and join GK, GL, 
HM, HN. Because the cir- 
cumferences BO, OK, KL are 
all equal, the angles BGO, 
OGK, KGL are also all 
equal (a) ; therefore what (a) III. 27. 

multiple soever the circum- y>) V. Def. 5. 

ference BL is of the circum- r!n 11120 

ference BC, the same multi- («) I. i 

pie is the angle BGL of the (/) jn # r>of. 11. 

angle BGC : for the same (g) III. 24. 

reason, whatever multiple 

the circumference EN is of the circumference EF, the same 
multiple is the angle EHN of the angle EHF : and if the cir- 
cumference BL be equal to the circumference EN, the angle BGL 
is also equal to the angle EHN (a) ; and if the circumference 
BL be greater than EN, likewise the angle BGL is greater than 
EHN ; and if less, less : therefore, since there are four magni- 
tudes, the two circumferences BC, EF, and the two angles BGO, 
EHF ; and that of the circumference BC, and of the angle BGO, 
have been taken any equimultiples whatever, viz. the circumfer- 
ence BL, and the angle BGL ; and of the circumference EF, and 
of the angle EHF, any equimultiples whatever, viz. the circum- 
ference EN, and the angle EHN ; and since it has been proved, 
that if the circumference BL be greater than EN, the angle BGL 
is greater than EHN ; and if equal, equal ; and if less, less : 
therefore as the circumference BC is to the circumference EF, so 
is the angle BGO to the angle EHF (b) : but as the angle BGO is 
to the angle EHF, so is the angle BAO to the angle EDF (c) ; for 
each is double of each (d) ; therefore as the circumference BO is to 
EF, so is the angle BGC to the angle EHF, and the angle BAC to the 
axyfcEDF. 
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Also, as the circumference BC is to EF, so shall the sector BGC 
be to the sector EHF. Join BC, CK, and in the circumferences 
BC, CK take any points X, 0, and join BX, XO, CO, OK : then, 
because in the triangles GBC, GCK, the two sides BG, GC are 
equal to the two CG, GK, each to each, and that they contain 
equal angles (a) ; the base BC is equal to the base CK, and the 
triangle GBC to the triangle GCK (e) : and because the circum- 
ference BC is equal to the circumference CK, the remaining part 
of the whole circumference of the circle ABC is equal to the 
remaining part of the whole circumference of the same circle : 
therefore the angle BXC is equal to the angle COK (a) ; and the 
segment BXC is therefore similar to the segment COii (/) ; and 
they are upon equal straight lines, BC, CK : but similar segments 
of circles upon equal straight lines are equal to one another {g) ; 
therefore the segment BXC is equal to the segment COK : and 
the triangle BGC was proved to be equal to the triangle CGK; 
therefore the whole, the 
sector BGC, is equal to 
the whole, the sector CGK : 
for the same reason, the 
sector KGL is equal to 
each of the sectors, BGC, 
CGK : in the same man- 
ner, the sectors EHF, 
FHM, MHN may be 
proved equal to one an- 
other : therefore, what 
multiple soever the cir- 
cumference BL is of the 
circumference BC, the 
same multiple is the sec- 
tor BGL of the sector 
BGC; and for the same 
reason, whatever multiple 
the circumference EN is 
of EF, the same multiple 

is the sector EHN of the sector EHF ; and if the circumference 
BL be equal to EN, the sector BGL is equal to the sector EHN ; 
and if the circumference BL be greater than EN, the sector BGL 
is greater than the sector EHN ; and if less, less : since then, 
there are four magnitudes, the two circumferences BC, EF, and 
the two sectors BGC, EHF ; and that of the circumference BC, 
and sector BGC, the circumference BL and sector BGL are any 
equimultiples whatever ; and of the circumference EF, and sector 
EHF, the circumference EN. and sector EHN are any equimulti- 
ples whatever ; and since it nas been proved, that if the circum- 
ference BL be greater than EN, the sector BGL is ©»«.te* than, 
the sector EHN ; and if equal, eqvu&*, wa&VL \«» J \w»\ , SasswSisst^ fc 
as the circumference BC is to trie circwiaferou* ^fc<> ** >*^ ****** 
BQO to the sector EHF (6). ^ ^ 
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PROPOSITION B. 



Theorem.— If an angle (BAC) of a triangle (ABO) be 
bisected by a straight line (AD) which likewise cuts the bags, the 
rectangle under the sides of the triangle (BA, AC) is equal to 
the rectangle under the segments of the base (BD, DC) 
together with the square on the straight line (AD) which 
bisects the angle. 

Demonstration. Describe the 
circle ACB about the triangle (a), 
and produce AD to the circumference 
in E, and join £0 : then because 
the angle BAD is equal to the angle 
CAE, and the angle ABD to the 
angle AEC, for they are in the 
same segment (b), the triangles 
ABD, AEC are equiangular to one 
another (c) : therefore as BA is to 
AD, so is EA to AC (d) ; and conse- 
quently the rectangle BA, A0 is 
equal to the rectangle EA, AD (e) ; 
that is, to the rectangle ED, DA, 
together with the square on AD, 
(/): but the rectangle ED, DA 
is equal to the rectangle BD, 
DC (g) ; therefore the rectangle BA, 
AC is equal to the rectangle BD, DC, 
together with the square on AD. 




(a) IV. 5. 
(6) III. 21. 
(c) I. 82. 
00 VI. 4. 

?/) ii. a. 

G011L35. 



PROPOSITION 0. 



Theorem.— If from any angle (A) of a triangle (ABC) « 
straight line (AD) be drawn perpendicular to the base (BC), 
the rectangle, under the sides of the triangle (BA, AC) is 
equal to the rectangle under the perpendicular (AD) and the 
diameter of the circle described about the triangle. 
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Demonstbation. Describe the cir- 
cle ACB about the triangle (a), and 
draw its diameter AE, and join EC : 
because the right angle BDA ia 
equal to the angle ECA in a semi- 
circle (b), and the angle ABD equal 
to the angle AEO in the same seg- 
ment (c) ; the triangles ABD, AEC 
are equiangular : therefore, as BA 
is to AD, so is EA to AC (d) ; and 
consequently the rectangle BA, AC 
is equal to the rectangle EA. 
AD («). 




la) VI. 5. 

(b) III. 21 

(c) III. 31. 
(<OVI.4. 
(e) VI. 16. 



PROPOSITION P. 

Theorem. — The rectangle under the diagonals of aquadri- 
lateral figure inscribed in a circle, is equal to both the rect- 
angles contained by its opposite sides. 

Demonstration. Let ABCD be any quadrilateral figure in- 
scribed in a circle, and join AC, BD : the rectangle contained by 
AC, BD shall be equal to the two rectangles contained by AB, CD, 
and by AD, BC. 

Make the angle ABE equal to the 
angle DBC (a); add to each of 
these the common angle EBD, 
then the angle ABD is equal to 
the angle EBC: and the angle 
BDA is equal to the angle BCE, 
because they are in the same seg- 
ment (b); therefore the triangle 
ABD is equiangular to the tri- 
angle BCE : wherefore, as BC is 
to CE, so is BD to DA (c); and 
consequently the rectangle BC, 
AD is equal to the rectangle BD, 
CE (d) : again, because the angle 
ABE is equal to the angle DBC, 
and the angle BAE to the angle 
BDC (b), the triangle ABE is 
equiangular to the triangle BCD ; 
therefore as BA is to AE, so is BD 




(a) I. 23. 
(ft) III. 21. 
(cj VI. 4. 
(ef) VI. 16. 
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to DC (c) ; wherefore the rect- 
angle BA, DO is equal to the 
rectangle BD, AE (d) : but the 
rectangle BC, AD has been shown 
equal to the rectangle BD, OE ; 
therefore the rectangles BC, AD, 
and BA, DC are together equal to 
the rectangles BD, CE, and BD, 
AE ; that is, to the whole rectan- 
gle BD, AC (e) ; therefore the whole 
rectangle AC, BD is eoual to the 
rectangle AB, DC. together with the 
rectangle AD, BC. 




(c) VI. 4. 
0O VI. 16. 
(e) II. 1. 



Scholium. This proposition is a Lemma of CL Ptolomseus, in page 9 of 
the Mtyeixn 2iW«&*, or " Great Construction." 



THE 
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BOOK XI. 
DEFINITIONS. 



1. A Solid is a magnitude, having lengthy breadth, and thickness. 
Corollary. All solids are bounded by superficies, or surfaces. 

2. A straight line AB is said to be per- 
pendicular to a plane, when it makes 
right angles with all straight lines which 
meet it in that place. 



3. A plane is said to be perpendicular to a 
plane, when any straight line AB, drawn in 
one of the planes perpendicular to the common 
section of the two planes, is perpendicular to 
the other plane. 

Scholium. The common section of two planes is 
the line in which they mutually cut or intersect each 
other. 

4. The inclination of a straight line 
AG to a plane is the acute angle formed 
by that straight line, and another OB 
drawn from the point 0, in which the first 
line meets the plane, to the point B in 
which a perpendicular AB to the plane 
drawn from any point A of the first line 
above the plane, meets the samo pta&Q. 
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5. The inclination of one plane to another 
is the acute angle ABC, formed by two 
straight lines drawn from any the same 
point B of their common section at right 
angles to it, one AB upon one plane, and 
the other BO upon the other plane. 

6. Parallel plaices are such as do not meet one another, 
though produced ever so far in every direction. 

7. A Solid ahglb is that which is made by the meeting in one 
point of more than two plane angles, which are not in the same 
plane. 

8. Equal and simi- 
lar SOLID FIGURES, 
CBED, HGLK, are 
such as are contained 
by similar planes 
equal in number, 
magnitude, and inclination to one another. 

9. Similar solid figures are such as have all their solid 
angles equal, each to each, and are contained by the same number 
of planes similarly situated. 

10. A pyramid is a solid figure contained by 
planes that are constituted between one plane figure 
and a point above it. 

Scholium. The last-named plane figure is called the 
base, and the point above it the vertex of the pyramid; and 
all the planes meeting together in the vertex are triangles. 
The altitude of a pyramid is the perpendicular drawn from 
its vertex to its base. 

11. A prism is a solid figure contained by plane 
figures, of which two that are opposite are equal, 
similar, and parallel to one another ; and the others 
are parallelograms. 

Scholia. 1. The opposite ends are termed the bases of the 
prism, and the parallelograms its sides; but the term base is 
sometimes applied to any side upon which it is supposed to 
stand. The altitude of a prism is a perpendicular from one of its ends or 
bases to the other. 

2. A prism, the ends or bases of which are perpendicular to its sides, is 
said to be a right prism; any other is an oblique prism. 

8. Pyramids and prisms are said to be triangular, quadrangular, panto* 
gonal, or polygonal, according as their "bases are triangles, quadrangles, pen- 
tagona, or polygons. 



* 
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12. A sphere is a solid figure described by 
the revolution of a semicircle (ABC) about 
its diameter (AG), which remains unmoved. 

13. The axis of a sphebb is the fixed 
straight line (AC) about which the semi- 
circle revolves. 

14 The center of a sphere is the same 
with that of the generating semicircle. 

15. The diameter of a sphere is any straight line which 
passes through its center, and is terminated both ways by the 
superficies of the sphere. 






16. A gone is a solid figure described by the revolution of a 
right-angled triangle about one of the sides containing the right 
angle, which side remains fixed. If the fixed side (AB) be equal 
to the other side containing the right angle (OB), the cone is said 
to be rigktrangled; if it (DF) be less than the other side (EF), 
obtuse-angled; and if greater (as GH and HI) acute-angled. 

17. The axis of a cone is the fixed straight line about which 
the triangle revolves. 

18. The base of a cone is the circle described by that side 
containing the right angle, which revolves. 

19. A cylinder is a solid figure described by the 
revolution of a right-angled parallelogram (ABC) 
about one of its sides (AB), which remains fixed. 

\ 

20. The axis of a cylinder is the fixed straight 
line (AB) about which the parallelogram revolves. 

21. The bases of a cylinder are the circles 
described by the two revolving opposite sides of the .nex&Hfita- 
gram. 
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22. Similar coxes and cylinders are those which haye their 
axes and the diameters of their bases proportionals. 

23. A parallelopiped is a solid figure contained 
by six quadrilateral figures, whereof every opposite 
two are parallel. 

Scholium. A parallelopiped is a prism \rith parallel- 
ograms for its base. When its sides are rectangles it is said 
to be right, if otherwise, oblique. 



I 



24. A polyhedron is a solid figure contained by plane figures. 

Scholium. 'When all the plane figures are equal and similar, the poly- 
hedron is said to be regular. 

25. A co be, or hexahedron, is a solid figure 
contained by six equal squares. 



26. A tetrahedron is a solid figure con- 
tained by four equal and equilateral triangles. 



27. An octahedron is a solid figure contained 
by eight equal and equilateral triangles. 



28. A dodecahedron is a solid figure con- 
tained by twelve equal pentagons which are 
equilateral and equiangular. 



29. An icosahedron is a solid figure con- 
tained by twenty equal and equilateral tri- 
angles. 
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PROPOSITION I. 

Theorem. — One part of a straight line cannot be in a 
plane, if another part is above it. 

Demonstration. If it be 
possible, let AB, part of the 
straight line ABO, be in the 
plane, and the part BO above 
it: and since the straight line 
AB is in the plane, it can be 
produced in that plane: let it 
le produced to D ; and let any 
plane pass through the straight 
line AD, and be turned about 
it until it pass through the point ; and because the points B, 
are in this plane, the straight line (a) BO is in it : therefore there 
are two straight lines ABO, ABD in the same plane that haye a 
common segment AB : which is impossible (6). Therefore AB and 
CD are in the same plane. 




PROPOSITION II. 

Theorem. — If two straight lines (AB, CD) cut one another, 
they are in one plane; and if three straight lines (EC, CB, BE) 
meet one another, they are in one plane. 

Demonstration. Let any 
plane pass through the 
straight line EB, and let the 
plane be turned about EB, 
produced if necessary, until 
it pass through the point : 
then, because the points E, 
are in this plane, the straight 
line EC is in it (a) ; for the 
same reason, the straight line 
BO is in the same ; and by 
the hypothesis, EB is in it ; 
therefore the three straight 
lines EC, CB, BE are in one 
plane : but in the plane in 
which EC, EB are, in the same are CD, AB (b) ; therefore AB, CD 
are in one plane. 




(a) I. Def. 6. 
lb) XI. 1 
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PROPOSITION III. 

Theobem. — If two planes (AB, BO) cut one another, their 
common section (DB) is a straight line. 

Demonstration. If it be not,/rom 
the point D to B. draw, in the plane 
AB, the straight line DEB, and in the 
plane BO, the straight line DFB : then 
two straight lines DEB, DFB have 
the same extremities, and therefore 
include a space betwixt them ; which 
is impossible (a) ; therefore BD, the 
common section of the planes AB, BO, 
cannot but be a straight line. 



(a) L Ax. 10. 

PROPOSITION IV. 

Theobem. — If a straight line (EF) stand at right angles to 
each of two straight lines (AB, CD) in the point of their inter- 
section (E), it shall also be at right angles to the plane which 
passes through them, that is, to the plane in which they are. 

Demonstration. Take 
the straight lines AE, EB, 
OE, ED, all equal to one 
another ; and through E, 
draw, in the plane in which 
are AB, CD, any straight 
line GEH, and join AD, 
CB : then from any point 
F, in EF, draw FA, FQ, 
FD, FC, FH, FB: and 
because the two straight 
lines AE, ED are equal to 
the two BE, EC, each to 
each, and that they con- 
tain equal angles AED, 
BEO (a), the base AD is 




-*y^. 



(a) 1. 15. 
lb) 1. 14. 
(e) I. 26. 

(d) I. 8. 

( e) I. Def. 9. 
(J) XI. Def. 3. 



ELEMENTS OF GEOMETBY. 



115 



equal to the base BO, and the angle DAB to the angle EBC (b) : 
and the angle AEG is equal to the angle BEH (a) ; therefore the 
triangles AEG, BEH have two angles of the one, equal to two 
angles of the other, each to each, and the sides AE, EB, adjacent 
to the equal angles, equal to one another ; wherefore they have 
their other sides equal \e) ; therefore GE is equal to EH, and AG 
to BH : and because AE is equal to EB, and FE common and at 
right angles to them, the base AF is equal to the base FB (b); for 
the same reason, OF is equal to FD : and because AD is equal to 
BO, and AF to FB, the two sides FA, AD are equal to the two FB, 
BO, each to each ; and the base DF was proved equal to the base 
FO ; therefore the angle FAD is equal to the angle FBC (d) ; again, 
it was proved that GA is equal to BH, and also AF to FB ; there- 
fore FA and AG, are equal to FB and BH, each to each ; and the 
angle FAG has been proved equal to the angle FBH ; therefore 
the base GF is equal to the base FH (fy : again, because it was 

S roved that GE is equal to EH, and EF is common, therefore GE, 
F are equal to HE, EF, each to each ; and the base GF is equal 
to the base FH ; therefore the angle GEF is equal to the angle 
HEF (d); and consequently each of these angles is a right 
angle (e) ; therefore FE makes right angles with GH, that is, with 
any straight line drawn through E, in the plane passing through 
AB, OD. In like manner it may be proved, that FE makes right 
angles with every straight line which meets it in that plane. But 
a straight line is at right angles to a plane when it makes right 
angles with every straight line which meets it in that plane (?) : 
therefore EF is at right angles to the plane in which are AB, OD. 



PROPOSITION V. 



Theorem. — If three 
straight lines (BO, BD, 
BE) meet all in one point 
(B), and a straight line 
(AB) stand at right angles 
to each of them in that 
pointy these three straight 
lines are in one and the 
same plane. 

Demonstration. If not, 
let, if it be possible, BD and 
BE be in one plane, and BO 
be above it; and let a plane 
pass through AB, BO, the 




^D 

^ 
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common section of which, 
with the plane in which BD 
and BE are, is a straight 
line (a); let this be BF: 
therefore the three straight 
lines AB, BC ; BF are all in 
one plane, viz. that which 
passes through AB, BO : and 
oecause AB stands at right 
angles to each of the straight 
lines BD, BE, it is also at 
right angles to the plane 
passing through them (b); 
and therefore makes rignt 
angles with every straight 
line in that plane which 
meets it (c) : but BF, which 
is in that plane, meets it ; 
therefore the angle ABF is 
a right angle : but the angle 
ABC, by the hypothesis, is 
also a right angle ; there- 




fa) XI. 3. 
(6) XL 4. 
(c) XI. Def. 8. 
(<0 I. Ax. 9. 



fore the angle ASF is equal to the angle ABC, and they are both 
in the same plane; whicn is impossible (d) : therefore the straight 
line BC is not above the plane m which are BD and BE: where- 
fore the three straight lines BO, BD, BE are in one and the same 
plane. 



PROPOSITION VI. 



Theoeem. — If two 
straight lines (AB, CD) 
be at right angles to the 
same plane, they shall 
bo parallel to one an- 
other. 

Demonstration. Let 
them meet the. plane in 
the points B, D, and draw 
the straight line BD, to 
which draw DE at right 
angles (a), in the same 
plane; and make DE 
equal to AB (£), and join 
BE, AE, AD. Then, be- 
cause AB is perpendi- 




c) 1. 8. 
)XI.5. 
XI. 2. 
1.28. 
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cular to the plane, it shall make right angles with every straight 
line which meets it, and is in that plane (c) ; but BD, BE, which 
are in that plane, do each of them meet AB ; therefore each of the 
angles ABD, ABE is a right angle ; for the same reason, each of 
the angles GDB, ODE is a right angle : and because AB is equal 
to DE, and BD common, the two sides AB, BD are equal to the two 
ED, DB, each to each ; and they contain right angles ; therefore 
the base AD is equal to the base BE (d) : again, because AB 
is equal to DE, and BE to AD ; AB, BE are equal to ED, DA, each 
to each ; and, in the triangles ABE, EDA, the Tbase AE is common ; 
therefore the angle ABE is equal to the angle EDA (e) ; but ABE 
is a right angle ; therefore EDA is also a right angle, and ED per- 

Ssndicular to DA : but it is also perpendicular to each of the two 
D, DO; wherefore ED is at right angles to each of the three 
straight lines BD, DA, DO, in the point in which they meet ; 
therefore these three straight lines are all in the same plane (/) : 
but AB is in the plane in which are BD, DA, because any three 
straight lines which meet one another are in one plane (g); 
therefore AB, BD, DO are in one plane : and each of the angles 
ABD, BDO is a right angle ; therefore AB is parallel to CD (h). 



PROPOSITION VH. 



Theorem. — If two straight lines (AB, CD) be parallel, the 
straight line drawn from any point (E) in the one to any point 
(F) in the other, is in the same plane with the parallels. 



Demonstration. If not, let 
it be, if possible, above the 
plane, as EGP ; and in the plane 
ABCD, in which the parallels 
are, draw the straight line EHF 
from E to F: and since EGF 
also is a straight line, the two 
straight lines EHF,EGF include 
a space between them ; which is 
impossible (a): therefore the 
straight line joining the points 
E, F is not above the plane in 
which the parallels AB, CD are, 
and is therefore in that plane. 




(a) I. Ax. 10. 
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PROPOSITION VIII. 

Theorem.— If two straight lines (AB, CD) be parallel, and 
one of them (AB) is at right angles to a plane, the other (CD) 
shall also be at right angles to the same plane. 

Demonstration. Let 
AB, CD meet the plane 
in the points B, D, and 
join BD : therefore AB, 
CD, BD are in one 
plane (a). In the plane 
to which ABisat right 
angles, draw DE at right 
angles to BD (b), and 
make DE equal to AB (e), 
and join BE, AE, AD. 
And because AB is per- 
pendicular to the plane, 
it is perpendicular to 
every straight line 
which meets it and is 
in that plane (d); 
therefore each of the 
angles ABD, ABE is a 
right angle: and be- 
cause the straight line 
BD meets the parallel straight lines AB, CD, the angles ABD, 
CDB are together equal to two right angles (e) : and ABD is a 
right angle ; therefore also CDB is a right angle, and CD perpen- 
dicular to BD : and because AB is equal to DE, and BD common, 
the two AB, BD are equal to the two ED, DB, each to each ; and 
the angle ABD is equal to the angle EDB, because each of them 
is a right angle; therefore the base AD is equal to the base 
BE (/): again, because AB is equal to DE, and BE to AD; the 
two AB, BE are equal to the two ED, DA, each to each ; and the 
base AE is common to the triangles ABE. EDA; wherefore the 
angle ABE is equal to the angle EDA (g) : but ABE is a rieht 
angle ; and therefore EDA is a right angle, and ED perpendicular 
to DA : but it is also perpendicular to BD (A) ; therefore ED is 
perpendicular to the plane which passes through BD, DA (t) ; and 
therefore makes right angles with every straight line meeting it 
in that plane (d) ; but DC is in the plane passing through BD, 
DA, because all three are in the plane in which are the parallels 
AB, CD ; wherefore ED is at right angles to DO ; and therefore CD 



/ 


*v 


(a) XI. 7. 
h) I. 11. 
(c) I. 3. 
00 XI. Def. 3. 
(e) I. 29. 


E 

(a) I. 8. 

(a) Construction. 

(i)XL4. 
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is at right angles to DE : but CD is also at right angles to DB ; 
therefore CD is at right angles to the two straight lines DE, DB, 
in the point of their intersection D ; and therefore is at right 
angles to the plane passing through DE, DB (t), which is the same 
plane to which ABisat right angles. 



PROPOSITION IX 



Theorem. — If two straight lines (AB, CD) are each of them 
parallel to the same straight line (EF), and not in the same 
plane with it, they are parallel to one another. 

Demonstration. In EF, 
take any point Q 9 from which 
draw, in the plane passing 
through EF, AB, the straight 
line GH at right angles to 
EF (a) ; and in the plane pass- 
ing through EF, CD, draw GK 
at right angles to the same EF. 
And because EF is perpendi- 
cular both to GH and GK, EF 6 
is perpendicular to the plane 
HGK passing through them (b) : 
andEFis parallel to AB ; there- 
fore AB is at right angles to 
the plane HGK (c): for the 
same reason, CD is likewise at right angles to the plane HGK ; 
therefore AB, CD are each of them at right angles to the plane 
HGK. But if two straight lines are at right angles to the same 
plane, they are parallel to one another (d) ; therefore AB is 
parallel to CD. 




PROPOSITION X 



Theorem. — If two straight lines (AB, BO) meeting one 
another be parallel to two others (DE, EF) that meet one 
another, and are not in the same plane with the first two, the 
first two and the other two shall contain equal angles. 



1*0 
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ABC is equal to the 



DBXoxmuTio*. TaJkBA,BC, 
KD, SF aU equal to one another; 
mmijoi* AD, CP, BE, AC, DP: 
then because BA is equal and pa- 
rallel to ED, therefore AD is both 
equal and parallel to BE (a) : for 
the same reason, CP is equal and 
parallel to BE; therefore AD and 
CP are each of them equal and 
parallel to BE. But straight lines 
that are parallel to the same 
straight line, and not in the same 
plane with it, are parallel to one 
another (b); therefore AD is 
parallel to CF ; and it is equal to 
it (c); and AC, DP join them 
towards the same parts ; and 
therefore AC is equal and parallel 
to DP (a). And because AB, BC 
are equal to DE, EP, each to each, 
and the base AC to the base DP, the 
angle DEF (d). 

PROPOSITION XL 

Problem. — To draw a straight line perpendicular to a 

plane (BH), from a given point (A) above it. 

Solution. In the 
plane, draw any 4l 

straight line BC, 
and from the point 
A, draw AD perpen- 
dicular to BC (a) : if & 
then AD be also per- 
pendicular to the 
plane BH, the thing 
required is already 
done : but if it be not, 
from the point D 
draw, in the plane 
BH, the straight line 
DE at right angles 
to BC (b) ; and from 
the point A, draw 
AF perpendicular to 
DE: AF shall be 
perpetidieular to the 
plane BH. 




d) XT. 4. 
i XI. S. 
) XI. Def. 3. 
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Demonstration. Through F, draw GH parallel to BC (c) : and 
because BC is at right angles to ED and DA, BO is at right angles 
to the plane passing through ED, DA (d) ; and GH is parallel to 
BO : but, if two straight lines be parallel, one of which is at right 
angles to a plane, the other is at right angles to the same plane (e) : 
wherefore GH is at right angles to the plane through ED, DA; 
and is perpendicular to every straight line meeting it in that 
plane (/) : but AF, which is in the plane through ED, DA, meets 
it; therefore GH is perpendicular to AF; and consequently AF is 
perpendicular to GH : and AF is perpendicular to DE ; therefore 
AF is perpendicular to each of the straight lines GH, DE. But if 
a straight line stand at right angles to each of two straight lines 
in the point of their intersection, it is also at right angles to the 
plane passing through them (d) : but the plane passing through 
ED, GH, is tne plane BH ; therefore AF is perpendicular to the 
plane BH: therefore, from the given point A, above the plane BH, 
the straight line AF is drawn perpendicular to that plane. 



PROPOSITION XII. 



Problem. To erect a straight line at right angles to a 
given plane, from a point (A) given in the plane. 



Solution. From any point 
B above the plane, draw BO 
perpendicular to it (a) ; and 
from A, draw AD parallel to 

Demonstration. Because, 
therefore, AD, OB are two 
parallel- straight lines, and 
one of them BO is at right 
angles to the given plane, 
the other AD is also at right 
angles to it (c) : therefore, a 
straight line has been erected 
at right angles to a given 
jfome\ from a point given 
in it. 




(a) XT. 11. 
h) I. 31. 
(c) XI. 8. 
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PROPOSITION XIII. 

Theorem. — From the same point in a given plane, there 
cannot be two straight lines at right angles to the plane, upon 
the same side of it : and there can be but one perpendicular 
to a plane from a point above the plane. 

Demonstration. For, 
if it be possible, let the 
two straight lines AB, 
AC be at right angles to 
a given plane, from the 
same point A in the plane, 
and upon the same side 
of it. Let a plane pass 
through BA, AC; the 
common section of this 
with the given plane is 
a straight line passing 
through A (a): let DAB 
be their common section: 
therefore the straight lines 
AB, AC, DAE are in one 
plane : and because CA is 
at right angles to the 
given plane, it makes 
right angles with every straight line meeting it in that plane (b) : 
but DAE, which is in that plane, meets CA ; therefore CAE is a 
right angle: for the same reason, BAE is a right angle; wherefore 
the angle CAE is equal to the angle BAE (e) ; and they are in one 
plane, which is impossible. Also, from a point above a plane, 
there can be but one perpendicular to that plane ; for if there 
could be two, they would be parallel to one another (d) ; which is 
absurd. 




(a) XI. 8. 

(b) XI. Def. 3. 
(<0 XL Ax. 
00 XI. 6. 



PROPOSITION XIV. 

Theorem. — If the same straight line (AB) is perpendicular 
to each of two planes (CD, EF), they are parallel to one 
another. 

Demonstration. If not, they shall meet one another when 
produced: let them meet; their common section is a straight line 
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GH, in which take any point K, 
and join AK, BK. Then, be- 
cause AB is jperpendicular to 
the plane EP, it is perpendi- 
cular to the straight line BK, 
which is in that plane (a); 
therefore ABK is a right angle : 
for the same reason BAK is a 
right angle ; wherefore the two 
angles ABK, BAK of the tri- 
angle ABK, are equal to two 
right angles; which is impos- 
sible (Q : therefore the planes 
CD, EP, though produced, do 
not meet one another ; that is, 
they are parotid (c. 



HKC 




Def.8. 



PROPOSITION XV. 



Theorem. — If two straight lines (AB, BO) meeting one an- 
other, be parallel to two other straight lines (DE, EF) which 
meet one another, but are not in the same plane with the first 
two, the plane which passes through these is parallel to the 
plane passing through the others. 



Demonstration. 
From the point B, 
draw BG perpendi- ' 
cular to the plane 
which passes through 
DE, EF (a), and let 
it meet that plane in 
Q; and through G, 
draw GH parallel to 
ED, and GK parallel 
to EP (b). And be- 
cause BG is perpen- 
dicular to the plane 
through DE, EP, it 
makes right angles 
with every straight 




(a) XL It 
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line meeting it in 
that plane (c): but 
the straight lines GH, 
GK in that plane 
meet it; therefore 
each of the angles 
BGH,BGKisaright 
angle: and because 
BA is parallel to 
GH (d) (for each of 
them is parallel to 
DE, and they are not 
both in the same 
plane with it), the 
angles GBA, BGH 
are together equal to 
two right angles (e) : 
and BGH is a right 



XT. 4. 

Construction. 
.. XI. 14. 
angle; therefore also 
GBA is a right angle, and GB perpendicular to BA: for the same 
reason, GB is perpendicular to BC ; since therefore the straight 
line GB stands at right angles to the two straight lines BA, BC, 
that cut one another in B; GB is perpendicular to the plane 
through BA, BC (/) : and it is perpendicular to the plane through 
DE, EF (y); therefore BG is perpendicular to each of the planes 
through AB, BC, and DE, EF : but planes to which the same 
straight line is perpendicular, are parallel to one another (h) ; 
therefore the plane through AB, BC, u parallel to the plane through 
DE, EF. 




PROPOSITION XVI. 

Theorem. — If two parallel planes (AB, CD) be cut by an- 
other plane (EF, GH), their common sections (EF, GH), with 
it are parallels. 



Demonstration. For, if it is not, EF, GH shall meet if pro- 
duced either on the side of FH, or EG. First, let them be pro- 
duced on the side of FH, and meet in the point K: therefore, 
since EFK is in the piano AB, every point in EFK is in that 
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plane (a) : and K is a 
point in EFK ; there- 
fore K is in the plane 
AB: for the same 
reason, K is also in 
the plane CD ; where- 
fore the planes AB, 
CD, produced, meet 
one another : but they 
do not meet, since they 
are parallel by the 
hypothesis ; therefore 
the straight lines EF, 
GH do not meet when 
produced on the side 
of FH : in the same 
it may be 




(a) XI. 1. 



manner 

proved, that EF~ GH do not meet when produced on the side of 
EG. But straight lines which are in the same plane, and do not 
meet, though produced either way, are parallel ; therefore EF is 
parallel to GH. 

PROPOSITION XVII. 

Theorem.— If two straight lines be cut by parallel planes, 
they shall be cut in the same ratio. 

Demonstration. Let the 
straight lines AB, CD be cut by 
the parallel planes GH, KL, MN, 
in the points A, E, B ; C, F, D : as 
AE is to EB, so shall CF be to FD. 
Jem AC, BD, AD, and let AD 
meet the plane KL in the point X ; 
and join EX, XF. Because the 
two parallel planes KL, MN are 
cut by the plane EBDX, the 
common sections EX, BD are pa- 
rallel (a): for the same reason, 
because the two parallel planes 
GH, KL are cut by the plane 
AXFC, the common sections AC, 
XF are parallel : and because EX 
is parallel to BD, a side of the (a) XL 16. (*) YI. 2. 

triangle ABD ; as AE to EB, so is 00 V. 11. 

AX to XD (b) : again, because XF is parallel to AC, a side of the tri - 
angle ADC ; as AX to XD, so is CF to FD ; and it was proved, that AX 
is to XD, as AE to EB ; therefore, as AE to EB, so w OF to FD (c). 




186. 
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ROPOSITION XVIII. 

Theorem. — If a straight line (AB) be at right angles to a 
plane (CK), every plane which passes through it shall be at 
right angles to that plane. 

Demonstration. Let 
any plane DE pass 
through AB, and let OE 
be the common section 
of the planes DE, CE ; 
take any point F in CE, 
from which draw FG, in 
the plane DE, at right 
angles to OE (a) : and 
because AB is perpen- 
dicular to the plane CE, 
therefore it is also per- 
pendicular to every 
straight line in that 
plane meeting it (b) t 
and consequently it is 
perpendicular to CE ; 
-wherefore ABF is a 
right angle; but GFB 




(a) 1. 11. 
m XI. Def. 3. 
(c) Construction. 
(/) I. 28. 
00 XL 8. 
(/) XI. Def. 4. 



is likewise a right angle (e) ; therefore AB is parallel to FG (d) ; 
and AB is at right angles to the plane CE ; therefore FG is also at 
right angles to the same plane (e). But one plane is at right 
angles to another plane, when the straight lines drawn in one of 
the planes at right angles to their common section, are also at 
right angles to the other plane (/) ; and any straight line FG in 
the plane DE, which is at right angles to CE, the common section 
of the planes, has been proved to be perpendicular to the other 
plane CE ; therefore the plane DE is at right angles to the plane 
CE. In like manner it may be proved, that all planes which pass 
through AB, are at right angles to the plane CE. 



PROPOSITION XIX. 

Theorem. — If two planes (AB, CD) which cut one another 
be each of them perpendicular to a third plane, their common 
section (BD) shall be perpendicular to the same plane. 
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Demonstration. If it be not, from, 
the point D, draw in the plane AB, the 
straight line DE at right angles to 
AD (a), the common section of the 
plane AB with the third plane ; and 
in the plane BC, draw DF at right 
angles to CD, the common section of 
the plane BO with the third plane. 
And because the plane AB is perpen- 
dicular to the third plane, and DE is 
drawn in the plane AB at right angles 
to AD their common section, DE is 
perpendicular to the third plane (b) : 
in the same manner it may be proved, 
that DF is perpendicular to the third 
plane ; wherefore, from the point D, two straight lines stand at 
right angles to the third plane, upon the same side of it; which 
is impossible (e) : therefore, from the point D, there cannot be any 
straight line at right angles to the third plane, except BD the 
common section of the planes AB, BC; therefore BJ> is perpendi- 
cular to the third plane. 




PROPOSITION XX. 

Theorem. — If a solid angle (A) be contained by' three plane 
angles (BAO, CAD, DAB), any two of them are greater than 
the third. 

Demonstration. If the 
angles BAG, CAD, DAB 
be all equal, it is evident 
that any two of them are 
greater than the third: 
but if they are not, let 
BAC be that angle which 
is not less than either of 
the other two, and is 
greater than one of them 
DAB; and at the point A, 
in the straight line AB, 
make in the plane which 
passes through BA, ACS, 
the angle BAE equal to the 




(a) I 2a. 



angle DAB (a) ; and make AE equal to AD, and through E, draw 
BEC, cutting AB, AC in the points B, C, and join DB, DC. And 
because DA is equal to AE, and AB is common, the two DA, AB 
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are equal to the two EA, 
AB, each to each; and 
the angle DAB is equal 
to the angle E AB ; there- 
fore the base DB is equal 
to the base BE (b) : and 
because BD, DC are 
greater than OB (<?), and 
one of them BD has been 
proved equal to BE a part 
of CB, therefore the other 
DC is greater than the 
remaining part EC (d): 
and because DA is equal 
to AE, and AC common, 
but the base DC greater 
than the base EC ; there- 
fore the angle DAC is 
greater than the angle 
EAC {e) : and, by the construction, the angle DAB is equal to tl 
angle BAE; wherefore the angles DAB, DAC are together great 
than BAE, EAC (f% that is, than the angle BAC : but BAG isn 
less than either of the angles DAB, DAC ; therefore BAC wi 
either of them is greater than the other. 




25. 
I. Ax. 4. 



PROPOSITION XXI. 

Theorem. — Every solid angle is contained by plane angle 
which together are less than four right angles. 

Demonstration. First, 
let the solid angle at A 
be contained by three 
plane angles BAG, CAD, 
DAB : these three to- 
gether shall be less than 
four right angles. 

Take, in each of the 
straight lines AB, AC, AD, 
any points B, C, D, and 
join BC, CD, DB. Then, 
because the solid angle at 
B is contained by the 
three plane angles CBA, 
ABD, DBC, any two of 
them are greater than 




(a) XI. 20. 



(b) I. 32. 



the third (a) ; therefore the angles CBA, ABD are greater thantl 
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angle DBC: for the same reason, the angles BOA, ACD are greater 
than the angle DCB; and the angles CD A, ADB greater than 
BDC; wherefore the six angles CBA, ABD, BCA, ACD, CD A, ADB 
are greater than the three angles DBC, DCB, BDC : but the three 
angles DBC, DCB, BDC are equal to two right angles (b) : therefore 
the six angles CBA, ABD, BCA, ACD, CD A, ADB are greater than 
two right angles : and because the three angles of each of the 
triangles ABC, ACD, ADB are equal to two right angles, therefore 
the nine angles of these three triangles, viz. the angles CBA, BAC, 
ACB, ACD, CD A, DAC, ADB, DBA, BAD are equal to six right 
angles: of these, the six angles CBA, ACB, ACD, CD A, ADB, DBA 
are greater than two right angles ; therefore the remaining three 
angles BAC, DAC, BAD, which contain the solid angle at A, are less 
thanfowr right angles. 

Next, let the solid angle at A be contained by any number of 
plane angles BAC, CAD, DAE, EAF, FAB : these shall together 
be less than four right angles. 

Let the planes in which the 
angles are be cut by a plane, and 
let the common sections of it 
with those planes be BC, CD, DE, 
EF, FB. And because the solid 
angle at B is contained by three 
plane angles CBA, ABF, EBC, of 
which any two are greater than 
the third (a), the angles CBA, 
ABF are greater than the angle 
FBC: for the same reason, the 
two plane angles at each of the 
points C, D, E, F, viz. those angles 
which are at the bases of the 
triangles having the common ver- 
tex A, are greater than the third 
angle at the same point, which is 
one of the angles of the polygon 
. BCDEFB ; therefore all the angles 
at the bases of the triangles are 
together greater than all the 
angles of the polygon : and because all the angles of the triangles 
are together equal to twice as many right angles as there are 
triangles (b), that is, as there are sides in the polygon BCDEFB ; 
and that all the angles of the polygon, together with four 
right angles, are likewise equal to twice as many right angles as 
there are sides in the polygon (c) ; therefore all the angles of the 
triangles are equal to all the angles of the polygon together wi& 
four right angles (d) : - but all the angles at the bases of tht 
triangles are greater than all the angles of the polygon, as has 
* c,en proved; wherefore the remaining angles of the triangles, viz. 

G 8 




(<0 I. 32 b, cor. 7. 
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these at the vertex, which contain the solid angle at A, are less than 
four right angles. 

Scholium. This proposition does not hold good if any of the angles of 
the rectilineal figure BCDEFB be re-entrant, the reason of which will be seen 
from the Scholia to Corollaries 7 and 8, Prop. 82 b, Book 1. 



PROPOSITION XXII. 

Theorem. — If every two of three plane angles (B, E, H) 
be greater than the third, and if the straight lines (AB, BC, 

DE, EF, GH, HK) which contain them be all equal, a 
triangle may be made of the straight lines (AC, DF, GK) that 
join the extremities of those equal straight lines. 

Demonstbation. If the 
angles B, E, H are equal, 
AC, DF, GK are also equal 
(a), and any two of them 
greater than the third: hut 
if the angles are not all 
equal, let the angle ABC be 
not less than either of the (a) I. 4. 

two E, H; therefore the mi. 4 or 24.. 

straight line AC is not less y) t 23 " **. 

than either of the other two W T fl ft 

DF, GK (b): and therefore (AI. 24.' 
it is plain that AC, together (i) I. Ax. 4. 
with either of the other two, ( X ) L 20. 
must be ' greater than the (0 L 22 « 
third: also DF, with GK, 

shall be greater than AC ; for at the point B, in the straight line 
AB, form the angle ABL equal to the angle H (<?), and make BL 
equal to one of the straight lines AB> BO, DE, EF, GH, HK, 
and join AL, LC. Then, because AB, BL are equal to GH, 
HK, each to each, and the angle ABL to the angle GHK, the 
base AL is equal to the base GK(a): and because the angles 
E, H are greater than the angle ABC (d) y of which the angle 
H is equal to ABL, therefore the remaining angle E is greater 
than the angle LBC (e) : and because the two sides LB, BC are 
equal to the two DE, EF, each to each, and that the angle E 
is greater than the angle LBC, the base DF is greater than the 
base LC (/) : and it has been proved that GK is equal to AL ; 
therefore DF and GK are greater than AL and LC (g): but 
AL and LC are greater than AC (h) ; much more than are DF 
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and OK greater than AC. Wherefore, every two of these straight 
lines AG, DF, GR are greater than the third; and, therefore, 
a triangle may be made (i), the tides of which shall be equal to 
AC, DF, GK. 




PROPOSITION XXIIL 

Problem. To make a solid angle which shall be contained 
by three given plane angles (B, E, H), any two of them 
being greater than the third, and all three together less than 
four right angles. 

Solution. From the straight 
lines which contain the angles, 
cut of AB, BC, BE, EF, GH, 
HK, all equal to one another; and 
join AO, DF, GK : then a triangle 
may be made of three straight 
lines equal to AC, DF, GK (a): 
let this be the triangle LMN, so 
that AC be equal to LM, DF to 
MN, andQK to LN (b); and 
about the triangle LMN describe a 
circle (c), andjvnd its center X (d), 
which will be either within the 
triangle, or in one of its sides, or without it. 

First, let the center X be within the triangle, and join LX, MX, 
NX : AB shall be greater than LX. If not, AB must either be equal 
to, or less than LX : first let it be equal: then, 
because AB is equal to LX, and that AB is also 
equal to BC, and LX to XM, AB and BC are 
equal to LX and XM, each to each; and the base 
AC is, by construction, equal to Vie base LM ; 
wherefore the angle B is equal to the angle 
LXM (e) : for the same reason, the angle E 
is equal to the angle MXN, and the angle H 
to the angle NXL; therefore the three angles 
B, E, H are equal to the three angles LXM, 
MXN, NXL : but the three angles LXM, 
MXN, NXL are equal to four right an- 
jfe* if) 5 therefore also the three angles B, E, 
H are equal to four right angles: but, by 
the hypothesis, they are less than/our right angles; which is absurd: 
therefore AB is not equal to LX. But neither can AB be less than 
tt: for, if possible, let it be less: and upon the straight line LM, on 
the side of it on which is the center X, describe the triangle LOM (b), 




> 1. 13, Cor. 3. 
#1.21. 
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of which, two of the sides LO, OM are equal to AB, BO : and "because 
the base LM is equal to the base AC, the angle is equal to the 
angle B (e) : and AB, that is LO, is, by the hypothesis, less than 
LX: wherefore LO, OM fall within the triangle hXM\ for, if they 
fell upon its sides, or without it, they would be equal to, or greater 
than, LX, XM (g) ; therefore the angle 0, that is, the angle B, 
is greater than the angle LXM (g) : in the same manner it may be 
proved, that the angle E is greater than the angle MXN, and the 
angle H greater than the angle NXL; therefore the three angles 
B, B, H are greater than the three angles LXM, MXN, NaL, 
that is, than four right angles (f) : but the same angles B, E, H are 
less than four right angles (h) ; which is absurd; therefore AB is 
not less than LX : and it has been proved, that it is not equal to 
LX; wherefore AB is greater than LX. 

Next, let the center X of the circle fall in 
one of the sides of the triangle, viz. in MN, 
and join XL: in this case also, AB shall be 
greater than LX ; if not, AB is either equal 
to LX, or less than it. First, let it be equal 
to LX; therefore AB and BC, that is, DE 
and EF, are equal to MX and XL, that is, 
to MN : but, by the construction, MNw equal 
to DF; therefore DE, EF are equal to DF; 
which is impossible (i) ; wherefore AB is not 
equal to LX: nor is it less; for then, much 
more, an absurdity would follow; therefore 
AB is greater than LX. 

But let the center X of the circle fall 
without the triangle LMN, and join LX, 
MX, NX: in this case, likewise, AB shall be 
greater than LX; if not, it is either equal 
to or less than LX. First, let it be equal: it may be proved, in the 
same manner as in the first case, that the angle B is equal to the 
angle MXL, and H to LXN; therefore 
the whole angle MXN is equal to the two 
angles B, H : but B and H are together 
greater than the angle E (h) : therefore also 
the angle MXN is greater than E : and be- 
cause DE, EF are equal to MX, XN, each 
to each, and the base DF to the base MN, 
the angle MXN is equal to the angle E (e) : 
but it Kas been proved, that it is greater than 
E; which is absurd; therefore AB is not 
equal to LX: neither is it less; for then, as 
has been proved in the first case, the angle B is 

f eater than the angle MXL, arid the angle 
greater than the angle LXN. At the point B, in the straight 
line CB, make the angle CBP equal to the angle H, and make BP 




fc) 1. 32. 
(0 I. 24. 
(m)1.25. 
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equal to HK, and join CP, AP. And because CB is equal to GH, 
CB, BP are equal to GH, HK, each to each ; and they contain equal 
angles; wherefore the base CP is equal to t/ie base G&, that is, toLN. 
And in the isosceles triangles ABC, MXL, because the angle ABC is 
greater than the angle MaL, therefore the angle MLX at the base is 
greater than the angle ACB at the base (k) : for the same reason, 
because the angle H or CBP, 
is greater than the angle 
LXN, the angle XLN is qreater 
than the angle BCP ; therefore 
the whole angle MLN is greater 
than the whole angle ACP. 
And because ML, LN are equal 
to AC, CP, each to each, but 
the angle MLN is greater than 
the angle ACP, the base MN is 

freater than the base AP (l\ ; but MN is equal to DF ; therefore also 
>¥ is greater than AP. Again, because 1)E, EF are equal to AB, 
BP, each to each, but the base DF greater than the base AP, the angle 
E is greater than the angle ABr (m): but ABP is equal to the 
two angles ABC, CBP, that is, to the two angles ABC, H : there- 
fore the angle E is qreatei* than the two angles ABC, H : but it is 
also less than these (A) ; which is impossible; therefore AB is not less 
than LX : and it has been proved, that it is not equal to it; therefore 
AB is greater than LX. 

From the point X, erect XR at right angles to the plane of the 
circle LMN (n). And because it has been proved in all the cases, that 
AB is greater than hX,fmd a square equal to 
the excess of the souare on AB above the square 
on LX, and make RX equal to its side, and 
join RL, RM, RN : the solid angle at R shall 
be the angle required. 

Demonstration. Because RX is perpen- 2J?I 
dicular to the plane of the circle LMN, it is 
perpendicular to each of the straight lines 
LX, MX, NX (0). And because LX is equal 
to MX, and XR common, and at right angles 
to each of them, the base RL is equal to the 
base RM (p) : for the same reason, RN is 
equal to each of the two RL, RM ; therefore 
the three straight lines RL, RM, RN are all 
equal. And because the square on XR is 
equal to the excess of the souare on AB above the square on LX ; 
therefore the square on AB is equal to the squares on LX, XR : but 
the square on RL is equal to the same squares, because LXR is a 
right angle (q) ; therefore the square on AB is equal to the square on 
EL, and the straight line AB to RL. But each of the straight 




(o) XT. Def. 3. 
001.4. 
(q) I. 47. 
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lines BO, DE, BF, GH, HK is equal to AB, and each of the two 
RM, RN is equal to RL ; therefore AB, BO, DE, EF, GH, HE are 
each of them equal to each of the straight lines RL, RM, RN. 
And because RL, RM are equal to AB, BO, each to each, and the 
base LM to the base AO, the angle LRM is equal to the angle 
B («): for the same reason, the angle MRN is equal to the 
angle E, and NRL to H. Therefore, there is made a solid 
angle at R, which is contained by three plane angles LRM, MRN, 
NRL, which are equal to the three given plane angles B, E, H, 
each to each. 



PROPOSITION A. 

Theorem. — If eafih of two solid angles be contained by three 
plane angles, which are equal to one another, each to each, the 
planes in which the equal angles are, have the same inclination 
to one another. 

Demonstration. Let there be two solid angles at the points 
A, B ; and let the angle at A be contained by the three plane 
angles CAB, OAE, EAD ; and the angle at B by the three plane 
angles FBG, FBH, HBG; of which the angle CAD is equal 
to the angle FBG, and OAE to FBH, and EAD to HBO: the planes 
in which the equal angles are shall hare the same inclination to 
one another. 

In the straight line AC, take 
any point K, and from E draw, 
in the plane CAD, the straight 
line KD at right angles to AO (a), 
and in the plane OAE, the 
straight line KL at right angles 
to the same AC : therefore the 
angle DEL is the inclination 
of. the plane OAD to the plane 
CAE (&). In BF, take BIS. equal 
to AK, and from the point M, 
draw in the planes FBG, FBH, 
the straight lines MG, MN at 
right angles to BF; therefore 
the angle GMN is the inclina- 
tion of the plane FBG to the 
plane FBH (b). Join LD, NG. And because in the triangles KAD, 
MBG, the angles KAD, MBG are equal (c), as also the right angles 
AED, BMG, and that the sides AK, BM, adjacent to the equal 
ancles, are equal to one another, therefore KD is equal to MG (d), 
and AD to BG: for the same reason, in the triangles KAL, MBN, 




I. ll. 
j XL Def. 6. 
I Hypoth. 
) I. 26. 

1.4. 

/) I. 8. 
O) XI. Def. 8. 
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KL is equal to MN, and AL to BN ; therefore in the triangles LAB, 
NBG, LA, AD are equal to NB, BG, each to each ; and they con- 
tain equal angles ; therefore the base LD is equal to the base 
NG (*). Lastly, in the triangles KLD, MNG, the sides DK, KL 
are equal to GM, MN, each to each, and the base LB to the base 
KG; therefore the angle BKL is equal to the angle GMN (/) : but 
the angle DEL is the inclination of the plane CAD to the plane 
CAE, and the angle GMN is the inclination of the plane FBG to 
the plane FBH, which planes have therefore the same inclination 
to one another (g). And in the same manner it may be demonstrated, 
that the other planes in which the equal angles are, have the same 
inclination to one another. 



PROPOSITION B. 

Theorem. — If two solid angles be contained, each by three 
plane angles which are equal to one another, each to each, and 
alike situated, these solid angles are equal to one another. 

Demonstration. Let there be two solid angles at A and B, of 
which the solid angle at A is contained by the three plane angles 
CAD, CAE, EAB; and that at B by the three plane angles FBG, 
FBH, HBG; of which CAD is equal to FBG; CAE to FBH; and 
EAD to HBG; the solid angle at A shall be equal to the solid 
angle at B. 

Let the solid angle at A be applied 
to the solid angle at B : and first, the 
plane angle CAD being applied to the 
plane angle FBG, so that the point A 
may coincide with the point B, and the 
straight line AC with BF; then AD 
coincides with BG, because the angle 

CAD is equal to the angle FBG: and ^ 

because the inclination of the plane (6)1. Ax. 8. 

CAE to the plane CAD, is equal (a) to 
the inclination of the plane FBH to the plane FBG, the plane CAE 
coincides with the plane FBH, because the planes CAD, FBG 
coincide with one another: and because the straight lines AC, BF 
coincide, and that the angle CAE is equal to the angle FBH ; 
therefore AE coincides with BH: and AD coincides with BG; 
wherefore the plane EAD coincides with the plane HBG : there- 
fore, the solid angle A coincides with the solid angle B, and con- 
sequently they are equal to one another (b). 
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Theorem. — Solid figures which are contained by the same 
number of equal and similar planes alike situated, and having 
none of their solid angles contained by more than three plane 
angles, are equal and similar to one another. 

Demonstration. Let AG, KQ be two solid figures contained 
by the same number of similar and equal planes, alike situated, 
viz. let the plane AC be similar and equal to the plane KM ; the 
plane AF to KP; BG to LQ; GD to QN; DE to KO; and, lastly, 
FH similar and equal to PR; the solid figure AG shall be equal 
and similar to the solid figure KQ. 

Because the solid angle 

at A is contained by the ir a JR Q 

three plane angles BAD, 
BAE, EAD, which, by the 
hypothesis, are equal to the 
plane angles LKN, LKO, 
OKN, which contain the 
solid angle at K, each to (a) XI. b. 

each, therefore the solid 

angle at A is equal to the solid angle at K (a) : in the same 
manner, the other solid angles of the figures are equal to one 
another. Let, then, the solid figure AG be applied to the solid 
figure KQ: first, the plane figure AC being applied to the plane 
figure KM, so that the straight line AB may coincide with KL, 
the figure AC must coincide with the figure KM, because they are 
equal and similar ; therefore the straight lines AD, DC, CB coin- 
cide with KN, NM, ML, each with each ; and the points A, D, C, 
B with the points K, N, M, L : and the solid angle at A coincides 
with the solid angle at K (a) : wherefore the plane AF coincides 
with the plane KP, and the figure AF with the figure KP, be- 
cause they are equal and similar to one another: therefore the 
straight lines AE, EF, FB coincide with KO, OP, PL ; and the 
points E, F, with the points 0, P : in the same manner, the figure 
AH coincides with the figure KR, and the straight line DH, with 
NR, and the point H with the point R. And because the solid 
angle at B is equal to the solid angle at L, it may be proved in 
the same manner, that the figure BG coincides with the figure LQ, 
and the straight line CG with MQ, and the point G with the point 
Q. Therefore, since all the planes and sides of the solid figure 
AG coincide with the planes and sides of the solid figure KQ, AG 
is equal and similar to KQ. And in the same manner, any other 
solid figures whatever, contained by the same number of equal and 
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similar planes, alike situated, and having none of their solid angles 
contained by more than three plane angles, may be proved to be 
equal and similar to one another. 



PROPOSITION XXIV. 

Theorem. — If a solid be contained by six planes, two and 
two of which are parallel; the opposite planes are similar and 
equal parallelograms. 

Demonstration. Let the solid CDGH be contained by the 
parallel planes AC, OF; BG, GE; FB, AE: its opposite planes 
shall be similar and equal parallelograms. 

Because the two parallel planes BG, GE 
are cut by the plane AG, their common sec- 
tions AB, CD are parallel (a) : again, because 
the two parallel planes BF, AE are cut by the 
plane AC, their common sections AD, BC are 
parallel (a) : and AB is parallel to GD ; there- 
fore AG is a parallelogram. In like manner 
it may be proved, that each of the figures 
GE, FG, GB, BF, AE is a parallelogram. 
Join AH, DF : and because AB is parallel to 
DG, and BH to CF; the two straight lines 
AB, BH, which meet one another, are paral- 
lel to DC and GF, which meet one another, 
and are not in the same plane with the other two : wherefore they 
contain equal angles (b) ; therefore the angle ABH is equal to the 
angle DCF : and because AB, BH are equal to DC, CF, each to 
each, and the angle ABH equal to the angle DCF ; therefore the 
base AH is equal to the base DF (c), and the triangle ABH to the 
triangle DCF: but the parallelogram BG is double of the triangle 
ABH (d), and the parallelogram CE double of the triangle DCF; 
therefore the parallelogram BG is equal and similar to the paral- 
lelogram CE. In the same manner it may be proved, that the 
parallelogram AC is equal and similar to the parallelogram GF, and 
the parallelogram AE to BF. 




PROPOSITION XXV. 

Theorem. — If a solid parallelopiped be cut by a plane pa- 
rallel to two of its opposite planes, it divides the whole into two 
solids, the base of one of which shall be to the base of the 
other, as the one solid is to the other. 
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Demonstration. Let the solid parallelopided ABCD be cut by 
the plane EY, which is parallel to the opposite planes, AR, HD, 
and divides the whole into the two solids ABF V, EGCD : as the 
base AEFY of the first is to the base EHCF of the other, so shall 
the solid ABFY be to the solid EGCD. 

Produce AH, both 



\m 



(a) I. 86. 

(b) XI. 24. 
00 XL c. 
(d) V. Defl 6. 



ways, and take any 
number of straight 
lines HM, MN, each 
equal to EH, and any 
nwmber AK, KL, each 
equal to EA, and com- 
mete the parallelograms 
LO,Kt£hQ, MS, and 
^*ota&LP,KR,HU, 
MT. Then, because 
the straight lines LK, 
KA, AE are all equal, 
the parallelograms LO, KY, AF are equal (a) ; and likewise the 
parallelograms EX, KB, AG: also the parallelograms LZ, KP, AR 
are equal, because they are opposite planes (£); for the same 
reason, the parallelograms EC, HQ, MS are equal (a), and the 
parallelograms HG, HL IN: as also HD, MU, NT (b) : therefore 
three planes of the solid LP are equal and similar to three planes 
of the solid KR> as also to three planes of the solid AY: but the 
three planes opposite to these three are eo^ual and similar to them 
in the several solids (b), and none of their solid angles are con- 
tained by more than three plane angles; therefore the three solids 
LP, KR> AY are equal to one another (<?) : for the same reason, 
the three solids ED, HU, MT are equal to one another: 
therefore what multiple soever the base Id? is of the base AF, the 
same multiple is the solid LY of the solid AY ; and whatever 
multiple the base NF is of the base HF, the same multiple is the 
solid JHY of the solid ED ; and if the base LF be equal to the base 
NF, the solid LY is equal to the solid NY (c) ; and if the base 
LF be greater than the oase NF, the solid LY is greater than the 
solid Nv ; and if less, less. Since then there are four magni- 
tudes, viz. the two bases AF, FH, and the two solids AY, ED ; and 
that of the base AF and solid AY, the base LF and solid LY are 
any equimultiples whatever ; and of the base FH and solid ED, 
the base FN and solid NY are any equimultiples whatever ; and 
since it has been proved, that if tne base LF is greater than the 
base FN, the solid LV is greater than the solid NY; and if equal, 
equal ; and if less, less ; therefore as the base AF is to the base JFH, 
90 is the solid AY to the solid 1SJ) (d). 
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PROPOSITION XXYL 

Problem. At a given point (A) in a given straight line 
(AB) to make a solid angle equal to a given solid angle (D) 
contained by three plane angles (EDO, EDF, FDC). 

Solution. In the straight line DF take any point ¥ 9 from which 
draw FG perpendicular to the plane EDO (a), meeting that plane in 
G, and join DG: at the point A, in the straight line AB, form the 
angle BAL equal to the angle EDO (b) ; and m the plane BAL, /orw 
ife angle BAK 0ywi£ to *A* arafe EDG; tffow. wwufe AK equal to DG, 
and from the point K, *r«tf KH a* n^A* angles to the plane BAL (c), 
and make KH egwa£ to GF, and join AH : Me *>titf a We a* A wAidi 
is contained by the three plane angles BAL, BAH, HAL, shall be 
equal to the solid angle at D contained by the three plane angles EDO, 
EDF, FDG. 

Demonstration. Take 
the equal straight lines 
AB, DE, and join HB> 
KB, FE, GE. And be- 
cause FG is perpendi- 
cular to the plane EDO, 
it makes right angles 
with every straight line 
meeting it in that 
plane (2) ; therefore each 
of the angles FGD, FGE 
is a right angle : for the 
same reason, HKA, HKB 
are right angles. And because KA, AB are equal to GD, DE, 
each to each, and that they contain equal angles, therefore the 
base BK is equal to the base EG (e) ; and KH is equal to GF (/), 
and HKB, FGE are right angles, therefore HB is equal to FE (e). 
Again, because AK, KH are equal to DG, GF, each to each, and 
contain right angles, the base AH is equal to the base DF ; and 
AB is equal to DE ; therefore, HA, AB are equal to FD, DE, each 
to each ; and the base HB is equal to the base FE ; therefore the 
angle BAH is equal to the angle EDF (a) : for the same reason, 
the angle HAL is equal to the angle EDO: because if AL and 
DO be made equal, and KL, HL, GO, FC be joined; since the 
whole angle BAL is equal to the whole EDO, and the parts of 
them BAK, EDG are, by the construction, equal, therefore the re- 
maining angle KAL is equal to the remaining angle GDO : and 
because KA, AL are equal to GD, DC, each to each, and contain 




(a) XI. 11. 
(6) I. 23. 
(c) XI. 12. 
09 XI. Def. 3. 




1 1. 4. 

J Constr. 
p)L8. 
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equal "angles, the base 
KJJ is equal to the base 
QQ (e) ; and KH is equal 
toGF; so that LK, KH 
are equal to CG, GF, each 
to each; and they con- 
tain right angles (d), 
therefore the base HL is 
equal to the base FC (e) : W) XI. Def. 3. 

again, because HA, AL (0 *• *• 

are equal to FD, DO, each 

to each, and the base HL to the base FO, the angle HAL is equal 
to the angle FDC (g). Therefore, because the three plane angles 
BAL, BAH, HAL, which contain the solid angle at A, are equal to 
the three plane angles EDO, EDF, FDO, which contain the solid 
angle at D, each to each, and are situated in the same order, the 
solid angle at A is equal to the solid angle at D (A). Therefore 
at a given point in a given straight line, a solid angle has been made 
equal to a given solid angle contained by three plane angles. 




PROPOSITION XXYII. 



Pboblem. To describe, from a given straight line (AB), a 
solid parallelopiped similar and similarly situated to one 
given (CD). 

Solution. At the point A 
of the given straight tine AB, 
form a solid angle equal to the 
solid angle at (a), and let 
BAK, KAH, HAB be the three 
plane angles which contain it, 
so that BAK be equal to the 
angle ECG, and KAH to GCF, 
and HAB to FOE: and as EC 
is to 0G, so make BA to AK (b) ; 
and as QQ is to OF, so make KA 
to AH (b) ; wherefore^x osquali, 
as EC is to OF, so is BA to 

AH (c) : complete the parallelogram BH, and the solid AL 
be similar and similarly situated to CD. 

Demonstration. Because, as EC is to GO, so BA to AK, the sides 
about the equal angles ECG, BAK, are proportionals ; therefore 
the parallelogram BE is similar to EGP(rf) : for the same reason, the 
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parallelogram KH is similar to GP, and HB to FE; wherefore 
three parallelograms of the solid AL are similar to three of the 
solid CD : and the three opposite ones in each solid are equal and 
similar to these, each to each (e). Also, because the plane angles 
which contain the solid angles of the figures are equal, each to 
each, and situated in the same order, the solid angles are equal, 
each to each (/) : therefore the solid AL is similar to the solid 
CD (g). Wherefore, from a given straight line AB, a solid parol- 
Idopiped AL has been described similar and similarly situated to the 
given one CD. 



PROPOSITION XXVIII. 

Theorem. — If a solid paraUelopiped be cut by a plane passing 
through the diagonals of two of tJie opposite planes, it shall be 
cut into two equal parts. 

Demonstration. Let AB be a solid paral- 

lelopiped, and DE, CF the diagonals of the Jr^r ? 

opposite parallelograms AH, QB, viz. those /!^— /> 

which are drawn betwixt the equal angles in 

each: and because CD, FE are each of them 

parallel to GA, and not in the same plane 

with it, CD, FE are parallel (a) : wherefore 

the diagonals CF, DE are in the plane in 

which the parallels are, and are themselves 

parallels (by. and the plane CDEF shall cut fcftf/'ft 

the solid AB into two equal parts. W I 34 

Because the triangle CGF is equal to the r<A x\. 24. 

triangle CBF (c), and the triangle DAE to (e) XI. c. 

DHE; and that the parallelogram CA is 
equal and similar to the opposite one BE (d) ; and the parallel- 
ogram GE to CH ; therefore the prism contained by the two trian- 
gles CGF, DAE, and the three parallelograms CA, GE, EC, is equal 
to the prism contained by the two triangles CBF, DHE (e), and 
the three parallelograms BE, CH, EC ; because they are contained 
by the same number of equal and similar planes, alike situated, 
and none of their solid angles are contained by more than three 
plane angles. Therefore, the solid AB is cut into two equal parts 
by the plane GUM. 

Scholium. The insisting straight lines of a paraUelopiped, mentioned in 
some of the following propositions, are the sides of the parallelograms 
betwixt the base and the opposite plane parallel to it 
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PROPOSITION XXIX. 

Theorem. — If solid parallelepipeds are upon the same base, 
and of the same altitude, the insisting straight lines of which 
are terminated in the same straight lines in the plane opposite 
to the base, they are equal to one another. 

Demonstbation. Let the solid parallelopipeds AH, AK be upon 
the same base AB, and of the same altitude, and let their insist- 
ing straight lines AF, AG, LM, LN be terminated in the same 
straight line FN, and CD, CE, BH, BK be terminated in the same 
straight line DK : the solid AH shall be equal to the solid AK. 

First, let the parallelograms DG, HN, 
which are opposite to the base AB, have 
a common side HG. Then because the 
solid AH is cut by the plane AGHO 
passing through the diagonals AG, CH 
of the opposite planes ALGF, CBHD, 
AH is cut into two equal parts by the 
plane AGHO (a) ; therefore the solid AH 
is double of the prism which is con- 
tained betwixt the triangles ALG, OBH : 
for the same reason, because the solid AK 
is cut by the plane LGHB, through the 
diagonals LG, BH of the opposite planes 
ALNG, CBKH, the solid AK is double of 
the same prism which is contained be- 
twixt the triangles ALG, OBH : there- 
fore the solid AH is equal to the solid 
AK (J). 

Next, let the parallelograms DM, EN, opposite to the base, have 
no common side. Then, because CH, CK are parallelograms, CB 
is equal to each of 




) XI. 28. 

}I.Ax.6. 

\ I. 34. 

) I. Ax. 2 or 3. 

j I. 38. 

O I. 86. 
g) XL 24. 
I) XL c. 
(t) L Ax. 3. 



the opposite 
DH, EK (c): where- 
fore DH is equal to 
EK: add, or take 
away the common 
part HE; then DE is 
equal to HK (d) ; 
wherefore also the 




. „ e triangle BHK (e), and the parallel- 

ogram DG is equal to the parallelogram HN (f): for the same 
reason, the triangle AFG is equal to the triangle LMN: and the 
parallelogram CF is equal to the parallelogram BM, and CG to 
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BN {g) ; for they are opposite. Therefore the prism which is con. 
tained by the two triangles AFG, CDE, and the three parallel- 
ograms AD, DG, GO is equal (h) to the prism contained hy the 
two triangles LMN, BHE, and the three parallelograms BM, MK, 
KL. If, therefore, the prism LMN, BHK he taken from the solid 
of which the base is the parallelogram AB, and in which FDKN 
is the one opposite to it; and if from this same solid there be 
taken the prism AFG, CDE; the remaining solid, viz. the parol- 
Idopiped AH is equal to the remaining paraudopiped AK (t). 



PROPOSITION XXX. 

Theorem. — If solid parallelopipeds are upon the same base, 
and of the same altitude, the insisting straight lines of which are 
not terminated in the same straight lines in the plane opposite 
to the base, they are equal to one another. 

Demonstration. Let the parallelopipeds CM, CN be upon the 
same base AB, and of the same altitude, but their insisting 
straight lines AF. AG, LM, LN, CD, CK BH, BK not terminated 
in the same straight lines: the solids CM, CN shall be equal to one 
another. 

Produce FD, MH,an<Z 
NG, KE, and let them 
meet one another in the 
points 0, P, Q, R; and 
join AO, LP, BQ, CR. 
And because the plane 
LBHM is parallel to the 
opposite plane ACDF, 
and that the plane 
LBHM is that in which 
are the parallels LB, 
MHPQ, in which also is 
the figure BLPQ; and 
the plane ACDF is that 
in which are the paral- 
lels AC, FDOR, in which 




(a) Hypoth. 



also is the figure CAOR; therefore the figures BLPQ, CAOR, are 
in parallel planes: in like manner, because the plane ALNG is 
parallel to the opposite plane CBKE, and that the plane ALNG is 
that in which are the parallels AL, OPGN, in which also is the 
figure ALPO; and the plane CBKE is that in which are the 
parallels CB, RQEK, in which also is the figure CBQR; therefore 
the figures ALPO, CBQR are in parallel planes: and the planes 
ACBL, ORQP are parallel (a) ; therefore the aolid CP is a paral- 
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lelopiped: but the solid 
CM is equal to the solid 
CP (b), because they are 
upon the same base 
AGBL, and their insist- 
ing straight lines AP, 
Aa CD, CR, LM, LP, 
BH, BQ are in the same 
straight lines FR, MQ ; 
and the solid CP is equal 
to the solid CN (b), for 
they are upon the same 
base ACBL, and their 
insisting straight lines 
AO, AG, LP, LN, CR, 
CE, BQ, BK are in the 




(6) XI. 29. 



same straight lines ON, RK ; therefore the solid CM is equal to the 
solid CN. 



PROPOSITION XXXI. 

Theorem. — If solid parallelopipeds (AE, CF) are upon equal 
bases (AB, CD), and of the same altitude, they are equal to 
one another. 

Demonstration. First, let the 
insisting straight lines be at right 
angles to the bases AB, CD, and 
let the bases be placed in the same 
plane, and so tnat the sides CL, 
LB may be in a straight line ; 
therefore the straight line LM, 
which is at right angles to the 
plane in which the bases are, in 
the point L, is common to the two 
solids AB, CF (a): let the other 
insisting lines of the solids be 
AO, HK, BE; DF, OP, CN: and 
first, let the angle ALB be equal 
to the angle OLD : then AL, LD 
are in a straight line (b). Pro- 
duce OD, HB, and let them meet 
in Q, and complete the solid 
parallelopiped LR, the base of 
which is the parallelogram LQ, 
and of which LM is one of its 
insisting straight lines. Therefore! 
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Because the parallelogram AB is equal to CD, as the hase AB is to 
the base LQ, so is the base CD to the base LQ (c). And because 
the solid parallelopiped AB is cut by the plane LMEB, which is 
parallel to the opposite planes AK, DR ; as the base AB is to the 
base LQ, so is the solid AE to the solid LR (d) : for the same rea- 
son, because the solid parallelopiped CR is cut by the plane 
LMFD, which is parallel to the opposite planes CP, BR; as the 
base CD is to the base LQ, so is the solid CF to the solid LR : but as 
the base AB is to the base LQ, so the base CD to the base LQ, as 
before was proved : therefore, as the solid AE to the solid LR^ so is 
the solid CF to the solid LR (e) : and therefore the solid AK it equal 
to the solid CF (/). 

But let the solid parallelopipeds SE, CF be upon equal bases 
SB, CD, and be of the same altitude, and let their insisting 
straight lines be at right angles to the bases ; and place the bases 
SB, CD in the same plane, so that CL, LB may be in a straight 
line; and let the angles SLB, CLD be unequal: the solid SE shall 
be equal to the solid CF. Produce DL, To until they meet in A; 
and from B, draw BH parallel to DA; and let HB, OD produced 
meet in Q, and complete the solids AE, LR : therefore the solid AE 
is equal to the solia SE (?), because they are upon the same base 
LE, and of the same altitude, and their insisting straight lines, 
viz. LA, LS, BH, BT, MG, MV, EK, EX, are in the same straight 
lines AT, GX: and because the parallelogram AB is equal to 
SB (A), for they are upon the same base LB, and between the 
same parallels LB, AT : and that the base SB is equal to the base 
CD ; therefore the base AB is equal to the base CD ; and the angle 
ALB is equal to the angle CLD ; therefore by the first case, the 
solid AE is equal to the solid CF : but the solid AE is equal to the 
solid SE, as was demonstrated ; therefore the solid SE w equal to 
the solid CF. 

But if the insisting straight lines AG, HK, BE, LM; CN, RS, 
DF, OP be not at right angles to the bases AB, CD ; in this case 




likewise, the solid AE shall be equal to the solid CF. From the 
points G, K, E, M; N, S, F, P, draw the straight lines GQ, KT, 
EV, MX ; NY, SZ, FI, PU, perpendicular to the planes in which 
are the bases AB, CD (i) ; and let them meet them in the points 
Q, T, V, X; Y, Z, I, U; and join QT, TV, VX, XQ; YZ, ZI, IU, 
UY. Then, because GQ, KT are at right angles to the same plane, 

H 
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they -ire parallel to one another (£): and MG, EK are paral- 
lel*; therefore the planes MQ, ET (of which one passes through 
MG, GQ, and the other through EK, KT, which are parallel to 
MG, GQ, and not in the same plane with them) are parallel to one 
another (I) : for the same reason, the planes MY, GT are parallel 
to one another: therefore the solid QE is a parallelopiped. In like 
manner it may be proved, that the solid x F is a parallelopiped. 
H » P v 




A. M Q 

(h) XL 6. 



(0 XL 15. 



(m) XL 29 or 30. 



.But, from what has been demonstrated, the solid EQ is equai to 
the solid FT, because they are upon equal bases MK, PS, and of 
the same altitude, and have their insisting straight lines at right 
angles to the bases: and the solid EQ is equal to the solid AE (m), 
and the solid FY to the solid CF, because they are upon the same 
bases and of the same altitude ; therefore the solid AE is equal to 
the solid CF. 



PROPOSITION XXXII 

Theorem. — If solid parallelopipeds (AB, CD) have the same 

altitude, they are to one another as their bases. 

Demonstration. 
To the straight line 
FG, apply the paral- 
lelogram FH, equal to 
AE (a), so that the 
angle FGH may he 
equal to the angle 
HOG; and upon the 
base FH, complete the 
solid parauelopiped 




)XL28. 



GK, one of whose insisting lines is FD, whereby the solids CD, 
GK must be of the same altitude : therefore the solid AB is equal 
to the solid GK (b), because they are upon equal bases AE, FH, 
and are of the same altitude: and because the solid parallel- 
opiped CK is cut by the plane DG, which is parallel to its opposite 
planes, the base HF is to the base FC, as the solid HD to the solid 
DC (c) : but the base HF is equal to the base AE, and the solid 
GK to the solid AB ; therefore as the base AE to the base CF, so is 
the solid ABtothe solid CD. 
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Cobollaby. From this it is manifest, that priims upon trian- 
gular bases, of the same altitude, are to one another as their 
bases. 

Let the prisms, the bases of which are the triangles AEM, CFG, 
and NBO, JPDQ the triangles opposite to them, have the same 
altitude : they shall be to one another as their bases. Complete 
the parallelograms AE, OF, and the solid parallelopipeds AB, CD, 
in the first of which let MO, and in the other let GQ be one of the 
insisting lines. And because the solid parallelopipeds AB, CD 
have the same altitude, they are to one another as the base AE is 
to the base CF: wherefore the prisms, which are their (d) halves, 
are to one another, as the base AE to the base CF } that is, as the 
triangle AEM to the triangle CFG. 



PROPOSITION XXXIII. 

Theobem,— If solid parallelopipeds (AB, CD) are similar, 
they are one to another in the triplicate ratio of their homo* 
logons sides (AE, CF) 

Demoitstration. Pro- 
duce AE, GE, HE : and 
in these produced, take 
EE equal to CF, EL 
equal to FN, and EM 
equal to FR; and com- 

KL, and the solid KO. 
Because KE, EL are 

equal to CF, FN, each 
to each, and the angle 
KEL equal to the angle 
CFN, because it is equal 
to the angle AEG, which 
is equal to CFN, by 




(a) XL 24. 



(b) XI. a 



reason that the solids AB, CD are similar; therefore the paral- 
lelogram KL is similar and equal to the parallelogram CN : for 
the same reason, the parallelogram MK is similar and equal to 
CR, and also OE to FD. Therefore three parallelograms of the 
solid EO are equal and similar to three parallelograms of the solid 
CD : and the three opposite ones in each solid are equal and simi- 
lar to these (a): therefore the solid KO is equal and similar to the 
solid CD (b). Complete the parallelogram GK ; and upon the 
bases GK, KL, complete the solids EX, LP, so that EH be an in- 
sisting straight line in each of them, whereby they must be of the 
same altitude with the solid AB. And because the solids AB^ CD, 

h 2 
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( c) I. 6. 
Of) XL 2C. 



(e)V.Def.ll. 



are similar, and by per- 
mutation, as AS is to 
CF, so is EG to FN, 
and so is EH to FR: 
but FO is equal to EK, 
and FN to EL, and FR 
to EM; therefore, as 
AE is to EK, so is EG to 
EL, and so is HE to 
EMrbutasAEistoEK, 
so is the parallelogram 
AG to the parallelogram 
GE (c) ; and as GE is to 
EL, soisGKtoKL(<?); 
and as HE is to EM, so 
is PE to KM (c) : there- 
fore as the parallelogram AG to the parallelogram GK, so is GK 
to KL, and PE to KM: but as AG is to GK, so is the solid AB to 
the solid EX (d) ; and as GK is to KL. so is the solid EX to the solid 
PL (d) ; and as PE is to KM, so is the solid PL to the solid 
KO (d) : and therefore as the solid AB to the solid EX, so is EX 
to PL, and PL to KO: but if four magnitudes be continual pro- 
portionals, the first is said to have to the fourth, the triplicate 
ratio of that which it has to the second (e) ; therefore the solid 
AB has to the solid KO, the triplicate ratio of that which AB has 
to EX: but as AB is to EX, so is the parallelogram AG to the pa- 
rallelogram GK, and the straight line AE to the straight line EK ; 
wherefore the solid AB has to the solid KO, the triplicate ratio 
of that which AE has to EK : but the solid KO is equal to the 
solid CD, and the straight line EK is equal to the straight line OF ; 
therefore the solid AB has to the solid CI), the triplicate ratio of that 
which the side AE has to the homologous side OF. 

Corollary. From this it is manifest, that, if four' straight 
lines be continual proportionals, as the first is to the fourth, so is 
the solid parallelopiped described from the first to the similar 
solid similarly described from the second; because the first 
straight line has to the fourth, the triplicate ratio of that which 
it has to the second. 

PROPOSITION D. 

Theorem. — If solid paraUelopipeds are contained by paral- 
lelograms equiangular to one another, each to each, that is, of 
which the solid angles are equal, each to each, they have to one 
another the ratio which is the same with the ratio com- 
pounded of the ratios of their sides. 
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Demonstration. Let AB, CD be solid parallelopipeds, of which 
AB is contained by the parallelograms AB, AF, AG, which are 
equiangular, each to each, to the parallelograms CH, CK, CL, 
which contain the solid CD : the ratio which the solid AB has to 
the solid CD, shall be the same with that which is compounded of 
the ratios of the sides AM to DL, AN to DK, and AO to DH. 

Produce MA, X A, 
OA to P, Q, R> so 
that AP be equal to 
DL, AQ to DK, and 
AR to DH; and 
complete the solid 
parallelopived AX 
contained by the pa- 
rallelograms AS, AT, 
AY, similar and 
equal to CH, CK, 
CL, each to each: 
therefore the solid 
AX is equal to the 
solid CD (a). Com- 
plete likewise the 
solid AT, the base 
of which is AS, and AO one of its insisting straight lines. Take any 
straight line a, and as MA is to AP, so make a to b(b) ; and as NA w to 
AQ, so make btoc; and as AO isto AR, so make c to d. Then, because 
the parallelogram AE is equiangular to AS, AE is to AS, as the 
straight line a is to c, as is demonstrated in the 23rd Prop. Book VI. : 
and the solids AB, AT, being betwixt the parallel planes BOT, 
EAS, are of the 8am e altitude; therefore the solid AB is to the 
solid AT, as the base AE to the base AS (c) ; that is, as the 
straight line a is to c. And the solid AT is to the solid AX, as the 
base OQ is to the base QR (d) ; that is, as the straight line OA to 
AR; that is, as the straight line c to the straight line d. And 
because the solid AB is to the solid AT, as a is to c, and the solid 
AY to the solid AX, as c is to d ; ex asquali, the solid AB is to the 
solid AX, or CD which is equal to it, as the straight line a is to d. 
But the ratio of a to d is said to be compounded of the ratios of a 
to b, b to c, and c to d (e), which are the same with the ratios of 
the sides MA to AP, NA to AQ, and OA to AR, each to each: and 
the sides AP, AQ, AR are equal to the sides DL, DK, DH, each to 
each ; therefore the solid AB has to the solid CD, the ratio which is 
the same with that which is compounded of the ratios of the sides AM 
to DL, AN to DK, and AO to DH. 
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Theorem [1.] — If solid parallelopipeds are equal, their 
bases and altitudes are reciprocally proportional ; [2.] and if 
the bases and altitudes be reciprocally proportional, the solid 
parallelopipeds are equal. 

Demonstration TL] Let AB, CD 
be two solid parallelopipeds : and 
first, let the insisting straight 
lines AG, EF, LB. HK; CM, NX, 
OD, PR be at right angles to the 
bases. If the solid AB be equal 
to the solid CD, their bases snail 
be reciprocally proportional to 

their altitudes ; that is, as the base EH is to the base NP, so shall 
CM be to AG. If the base EH be equal to the base NP, then be- 
cause the solid AB is likewise equal to the solid CD, CM shall be 
equal to AG: because if the bases EH, NP be equal, but the alti- 
tudes AG, CM be not equal, neither shall the solid AB be equal to 
the solid CD: but the solids are equal, by the hypothesis; there- 
fore the altitude CM is not unequal to the altitude AG ; that if, 
they are equal. Wherefore, at the base EH to the base NP,*>ii CM 
to AG. 

Next, let the bases EH, NP not 
be equal, but EH greater than 
the other; then, since the solid 
AB is equal to the solid CD, CM 
is therefore greater than AG : for 
if it be not, neither also in this 
case would the solids AB, CD be 
equal, which, by the hypothesis, 
are equal. Make then CT equal to 
AG, and complete the solid parallel" 
opiped OV, of which the base is 
NP, and altitude CT. Because the 
solid AB is equal to the solid CD, 
therefore the solid AB is to the 
solid OV, as the solid CD to the 
solid CV (a) : but as the solid AB to the solid. OV, so is the base 
EH to the base NP (b) ; for the solids AB, CV are of the same 
altitude : and as the solid CD to CV, so is the base MP to the base 
PT (c), and so is the straight line MC to CT (eft: and QT is equal 
to AG; therefore as the base EH to the base NP, «o is MC to AG 




(a) V. 7. 
(6) XI. 32. 
(c) XI. 25. 

(<0 v. i. 



/) XI. 31. 

(g) V. 9. 
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Wherefore the bates of the solid paraUelopipeds AB, CD are recip- 
rooaUy proportional to their altitudes. 

£2. J Let now the bases of the 
d parallelopipeds AB, CD be 
reciprocally proportional to their 
altitudes, viz. as the base EH is 
to the base NT, so let CM be to 
AG : the solid AB shall be equal 
to the solid CD. 

If the base EH be equal to the 
base NP, then, since EH is to NP as the altitude of the solid CD 
is to the altitude of the solid AB, therefore the altitude of CD is 
equal to the altitude of AB (e) : but solid parallelopipeds upon 
equal bases, and of the same altitude, are equal to one another (f) ; 
therefore the solid AB is equal to the solid CD. 

But let the bases EH, NT be un- 
equal, and let EH be the greater 
of the two : therefore, sinoe, as the 
base EH to the base NT, so is CM 
the altitude of the solid CD to AG 
the altitude of AB, CM is greater 
than AG (<?). Therefore, as before, 
take CT equal to AG, and complete 
the solid CV. And because the 
base EH is to the base NP, as CM 
to AG, and that AG is equal to CT, 

therefore the base EH is to the base NT, as MC to CT. But as the 
base EH is to NT, so is the solid AB to the solid CV (b) ; for the 
solids AB, CV are of the same altitude: and as MC is to CT, so is 
the base MP to the base PT (d), and the solid CD to the solid 
CV (c) : therefore as the solid AJB is to the solid CV, so is the solid 
CD to the solid CV; that is, each of the solids AB, CD has the 
same ratio to the solid CV ; and therefore the solid AB is equal to 
the solid CD (g). 

Second general case. Let the insisting straight lines FE, BL, 
GA, KH ; XN, DO, MC, RP not be at right angles to the bases of 
the solids. 

[1.] In this case, likewise, if the solids AB, CD be equal, their 
bases shall be reci- 
procally proportional 
to their altitudes, viz. 
the base EH shall be 
to the base NP, as 
the altitude of the 
solid CD is to the alti- 
tude of the solid AB. 

From the points F, 
B, K,G; X,D,R>M, 
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draw perpendiculars to the planes in which are the bases EH, NP, 
meeting those planes in the points S, Y, Y, T; Q, I, U, Z; and 
complete the solids FY, XU, which are parallelopipeds, as was 
proved in the last part of Prop. 31, of this hook. 

Because the solid AB is equal to the solid CD, and that 
the solid AB is equal 
to the solid BT (h), 
for they are upon the 
same base FK, and 
of the same altitude ; 
and that the solid CD 
is equal to the solid 
DZ (A), being upon 
the same base XR, 

and of the same alti- ,, v __ nn 

tude; therefore the (A) XI. 29 or 30. 

solid BT is equal to 

the.solid DZ : but the bases are reciprocally proportional to the alti- 
tudes of equal solid parallelopipeds of which the insisting straight 
lines are at right angles to their bases, as before was proved ; there- 
fore as the base FK to the base XB, so is the altitude of the solid 
DZ to the altitude of the solid BT : and the base FK is equal to the 
base EH, and the base XB to the base NP; wherefore, as the base 
EH is to the base NP, so is the altitude of the solid DZ to the alti* 
tude of the solid BT; but the altitudes of the solids DZ, DC, as 
also of the solids BT, BA, are the same ; therefore as the base EH 
to the base NP, so is the altitude of the solid CD to the altitude 
of the solid AB ; that is, the bases of the solid parallelopipeds AB, 
CD are reciprocally proportional to their altitudes. 

[2.] Next, let the bases of the solids AB, CD be reciprocally 
proportional to their altitudes, viz. the base EH is to the base NP, 
as the altitude of the solid CD is to the altitude of the solid AB : 
the solid AB shall be equal to the solid CD. The same construction 
being made; because, as the base EH is to the base NP, so is the 
altitude of the solid CD to the altitude of the solid AB; and that 
the base EH is equal to the base FK, and NP to XB ; therefore the 
base FK is to the base XR, as the altitude of the solid CD to the 
altitude of AB ; but the altitudes of the solids AB, BT are the same, 
as also of CD and DZ ; therefore as the base FK is to the base XR, 
so is the altitude of the solid DZ to the altitude of the solid BT : 
wherefore the bases of the solids BT, DZ are reciprocally propor- 
tional to their altitudes: and their insisting straight lines are at 
right angles to the bases ; wherefore, as was before proved, the 
solid BT is equal to the solid DZ: but BT is equal to the solid 
BA (A), and DZ to the solid DC, because they are upon the same 
bases, and of the same altitude; therefore the solid AB is eaual to 
the solid CD. ^ 
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PROPOSITION XXXV. 

Theorem. — If, from the vertices (A and D) of two equal 
plane angles (BAG, EDF), there be drawn two straight lines 
(AG, DM) elevated above the planes in which the angles are, 
and containing equal angles with the sides of those angles, each 
to each (GAB to MDE, and GAG to MDF); and if in the 
lines (AG, DM) above the planes there be taken any points 
(G, M), and from them perpendiculars (GL, MN) be drawn to 
the planes in which are the first-named angles (BAC, EDF) ; 
and from the points (L, N) in which they meet the planes, 
straight lines (LA, ND) be drawn to the vertices of the angles 
first-named; these straight lines shall contain equal angles 
(GAL, MDN) with the straight lines which are above the 
planes of the angles. 

Demonstration. 
Make AH equal to 
DM, and through H 
draw HK parallel 
to GL : but GL is 
perpendicular to the 
plane BAC; where- 
fore HK is perpen- 
dicular to the same 
plane (a). From the 
points K, N, to the 




)XI.8. 
) XI. 18. 
) XI. Def. 4. 



(d)XI.Def.3. 
(«) Hypoth. 



straight lines AB, AC, 
DE, DF, draw per- 
pendiculars KBj KC, 

i*E, NF, and join HB, BC, MB, EF. Because HK is perpen- 
dicular to the plane BAG, the plane HBK which passes 
through HK is at right angles to the plane BAC (b) ; and AB is 
drawn in the plane SAC at right angles to the common section BK 
of the two planes ; therefore AB is perpendicular to the plane 
HBK (<?), and makes right angles with every straight line meeting 
it in that plane (d) : but BH meets it in that plane ; therefore 
ABH is a right angle : for the same reason, DEM is a right angle, 
and is therefore equal to the angle ABH : and the angle HAB is 
equal to the angle MDE (e) ; therefore in the two triangles HAB, 
MDE, there are two angles in one, equal to two angles in the 
other, each to each, and one side equal to one side, opposite to one 

H 8 
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of the equal angles in each, viz. HA equal to DM; therefore the 
remaining sides are equal, each to each (/), wherefore AB is equal 
to DE. In the same 
manner, if HO and 
MP be joined, it may 
be demonstrated, 
that AG is equal to 
DP : therefore, since 
AB is equal to DE, 
BA and AC are equal 
to ED and DP, each 
to each: and the 
angle BAG is equal 
totheangleEDP(tf); 
wherefore the base 
BO is equal to the 
base EP (y), and the remaining angles to the remaining angles ; 
therefore the angle ABO is equal to the angle DEP : and the right 
angle ABE is equal to the right angle DEN; whence the remain- 
ing angle OBK is equal to the remaining angle PEN: for the 
same reason, the angle BOK is equal to the angle EFN; therefore 
in the two triangles BOE, EFN there are two angles in one, equal 
to two angles in the other, each to each, and one side equal to one 
side adjacent to the equal angles in each, viz. BO equal to EP J 
therefore the other sides are equal to the other sides; BK then is 
equal to EN : but AB is equal to DE ; wherefore AB, BE are equal 
to DE, EN, each to each; and they contain right angles ; wherefore 
the base AK is equal to the base DN. And since AH is equal to 
DM, the square on AH is equal to the square on DM: but the 
squares on AK, EH are equal to the square on AH, because AKH 
is a right angle (h) ; and the squares on DN, NM are equal to the 
square on DM, for DNM is a right angle : wherefore the squares on 
AK, KH are equal to the squares on DN, NM : and of these the 
square on AK is equal to the square on DN ; therefore the remain* 
ing square on KH is equal to the remaining square on NM; and 
the straight line KH to the straight line NM; and because HA, 
AK are equal to MD, DN, each to each, and the base HK to the 
base MN, as has been proved, therefore the angle HAK, that m, 
GAL, ie equal to the angle MDN (*). 

CoEoUiABY. From this it is manifest, that if from the vertices 
of two equal plane angles, there be elevated two equal straight 
lines containing equal angles with the sides of the angles, each to 
each ; the perpendiculars drawn from the extremities of the equal 
straight lines to the planes of the first angles, are equal to one 
another. 

Scholium. Of this Corollary another demonstration may be given, as 
follows:— 
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Let the plane angles BAG, EDF be equal to one another; and let" AH, DM 
be two equal straight lines above the planes of the angles, containing eanal 
angles with BA, AC; ED, DF, each to each, viz. the angle HAB equal to 
MDE, and HAG equal to the angle MDF; and from H, M let HK, MN be 
perpendiculars to the planes BAG, EDF : HK shall be equal to MN. 

Because the solid 
angle at A is contained 
by the three plane an- 
gles BAC, BAH, HAG, 
which are, each to each, 
equal to the three plane 
angles EDF, EDM, 
MDF, containing the 
solid angle at D; the 
solid angles at A and 
D are equal, and there* 
fore coincide with one 
another; to wit, if the 
plane angle BAG be 
applied to the plane 
angle EDF, the straight line AH coincides with DM, as was shown m 
Prop, b, of this book : and because AH is equal to DM, the point H coincides 
with the point M: wherefore HK, which is perpendicular to the plane BAC, 
coincides with MN, which is perpendicular to the Diane EDF, because these 
planes coincide with one another (a). Therefore HK is equal to MN. 




(a) XL 18. 



PROPOSITION XXXVI. 

Theorem.— If three straight lines (A, B, G) be proportionals, 
the solid parallelopiped described from all three, as its sides, 
is equal to the equilateral parallelopiped described from the 
mean proportional (B), one of the solid angles of which is 
contained by three plane angles equal, each to each, to the 
three plane angles containing one of the solid angles of the 
other figure. 

Demonstration. Take a solid angle 
D, contained by three plane angles RDF, 
FDG, GDB; and make each of the 
straight lines ED, DF, DG equal to B, 
and complete the solid parallelopiped 
DH : make LK equal to A, and at the 
point K, in the straight line LK, make 
a solid angle contained by the three (a) XI. 26. 

plane angles LKM, MEN, NKL, equal 

to the angles EDF, FDG, GDE, each to each (a) ; and make KS 
equal to 3, and KM equal to C ; and complete the solid parallel- 
opiped KO. And because, as A is to B, so is B to C, and that A is 
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equal to LK, and B is equal to each 
of the straight lines DE, DF, and is 
equal to KM ; therefore LE is to ED, 
as DF to KM ; that is, the sides about 
the equal angles are reciprocally pro- 
portional ; therefore the parallelogram 
LM is equal to EF (b) : and because 
EDF, LKM are two equal plane 
angles, and the two equal straight 
lines DG, EN are drawn from their 
vertices above their planes, and con- 
tain equal angles with their sides; 
therefore the perpendiculars from the points G, N, to the planes 
EDF, LEM are equal to one another (c) : therefore the solids KO, 
DH are of the same altitude; and they are upon equal bases LM, 
EF ; and therefore they are equal to one another (d): but the solid 
KO is described from the three straight lines A, B, 0, and the solid 
DH. from the straight line B. 




proposition xxxvn. 

Theorem [1.]— If four straight lines (AB, CD, EF, GH) 
be proportionals, the similar solid parallelopipeds (AK, CL, 
FM, HN) similarly described from them shall also be propor- 
tionals : and if the similar parallelopipeds similarly described 
from four straight lines be proportionals, the straight lines 
shall be proportionals. 

Demonstration [1.] 
Make AB, CD, 0, P, 
continual proportion- 
als, as also EF, GH, 
Q, R (a) : and because 
as AB is to CD, so is 
EF to GH; and that 
CD is to 0, as GH to 
Q (b), and is to P, as 
Q to R ; therefore, ex 
asquali, AB is to P, as 
EF to R (c) : but as 
AB is to P, so is the 
solid AE to the solid 
CL(d); and as EF is 
toR,soisthesolidFM 
to the solid HN ((f): 
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(d) XL 33, cor. 
(c) XI. 27. 
(/)V.9. 
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therefore as the solid AK is to the solid CL, so is the solid FM to the 
solid EX (b). 

[2.] Next, let the solid AK be to the solid CL, as the solid FM 
is to the solid HN: the straight line AB shall be to CD, as EF 
istoGH. 

Take as AB is to CD,so uEF to S>?,andfrom ST describe a solid 
parallelepiped SV similar and similarly situated to either of the 
solids FM, HN {e\ And because AB is to CD, as EF is to ST, and 
that from AB, CD the solid parallelopipeds AK, CL are similarly 
described ; and in like manner the solids FM, SV from the straight 
lines EF, ST; therefore AK is to CL, as FM is to SV ; but, by the 
hypothesis, AK is to CL, as FM to HN; therefore HN is equal to 
8 V (/) : but it is likewise similar and similarly situated to SV ; 
therefore the planes which contain the solids HN, SV are similar 
and equal, and their homologous sides GH, ST equal to one an- 
other : and because as AB is to CD, so is EF to ST, and that ST is 
equal to GH, therefore AB is to CD, as EB is to GH. 



PROPOSITION XXXV11L 

Theorem. — "If a plane (CD) be perpendicular to another 
plane (AB), and a straight line be drawn from a point (E) in 
one of the planes (CD) perpendicular to the other plane (AB), 
this straight line shall fall on the common section (AD) of the 
planes." 

Demonstration. "For if it does 
not, let it, if possible, fall elsewhere, 
as EF ; and let it meet the plane AB 
in the point F ; and from F draw, in 
the plane AB, a perpendicular FG to 
DA (a), which is also perpendicular to 
the pane CD (b) ; and join EG. Then, 
because FG is perpendicular to the 
plane CD, and the straight line EG 
which is in that plane, meets it, there- 
fore FGE is a right angle (c) : but EF M y * . 
is also at right angles to the plane AB, >*< #}* ^5 a 
and therefore EFG is a right angle : ($ 1. 17. 
wherefore two of the angles of the 

triangle EFG are equal together to two right angles ; which is 
absurd (d) ; therefore the perpendicular from the point E to the 
plane AB, doesnotfaU elsewhere than upon the straightline AD: 
that w, it therefore falls upon it." 
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PEOPOSITION XXXIX. 

Theorem. — In a solid parallelopiped, if the sides of two of 
the opposite planes be divided, each into two equal parts, the 
common section of the planes passing through the points of 
division, and the diameter of the solid parallelopiped, out each 
other into two equal parts, 

Dehohstbation. Lei the 
■ides of the opposite planes 
OF, AH of the solid paral- 
lelopiped AF, he divided each 
into two equal parts in the 
points K, L, M, N; X, 0, P, 
K; and join KL, MN, XO, 
PR: and because DK, CL 
are equal and parallel, &L is 
parallel to DO (a) : for the 
same reason, MN is parallel 
to BA: and BA is parallel to 
DO; therefore, because EL, 
BA are each of them paral- 
lel to DO, and not in the 
same plane with it, KL is pa- 
rallel to BA (b) : and because 
KL, MN are each of them 
parallel to BA, and not in 
the same plane with it, KL 
is parallel to MN (b) : where- 
fore KL, MN are in one plane, 
that XO, PR are in one plane 



In like manner it may 
# Let YS be the common section oj 

the planes KN, XR ; and DG the diameter of the solid parallel- 
opiped AF : YS and DG shall meet, and cut one another into two 
equal parts. 

Join D Y, YE, BS, 8G. Because DX is parallel to OB, the alter- 
nate angles DXY, YOE are equal to one another (c) : and because 
DX is equal to OB, and XY to YO, and that they contain equal 
angles, the base DY is equal to the base YE (a), and the other 
angles are eoual ; therefore the angle XYD is equal to the angle 
OYE, and DYE is a straight line (&) ; for the same reason, BSG is 
a straight line, and BS equal to SG. And because OA is equal and 
parallel to DB, and also equal and parallel to EG, therefore DB is 
equal and parallel to EG (b) : and DE, BG join their extremities j 




therefore DE is equal and parallel to BG (d\ : and DG, YS are. 
drawn from points in the one, to points in the other, and are 
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therefore in one plane : whence it is manifest, that DG, YS must 
meet one another : let them meet in T. And because DE is paral- 
lel to BG, the alternate angles EDT, BGT are equal (c) : and the 
angle DTY is equal to the angle GTS (/): therefore in the 
triangles DTY, GTS, there are two angles in the one, equal to two 
angles in the other, and one side equal to one side, opposite to two 
of the equal angles, viz. DY to GS, for they are the halves of DE, 
BG; therefore the remaining sides are equal, each to each (g) : 
wherefore DT is equal to TG, and YT equal to TS. 



PROPOSITION XL. 

Theorem. — If there be two triangular prisms of the same 
altitude, the base of one of which is a parallelogram, and the 
base of the other a triangle : if the parallelogram be double of 
the triangle, the prisms shall be equal to one another. 

Demonstration. Let the prisms ABCDEF, GHKLMN be of 
the same altitude, the first whereof is contained by the two trian- 
gles ABE, CDF. and the three parallelograms AD, DE, EG; and 
the other by the two triangles GHK, LMN, and the three paral- 
lelograms LH, HN, NG; and let one of them have a parallel- 
ogram AF, and the other a triangle GHK, for its base : if the pa- 
rallelogram AF be double of the triangle GHK, the prism 
ABCDEF shall be equal to the prism GHKLMN. 

Complete the solids AX, GO : 
and because the parallelogram 
AF is double of the triangle 
GHK, and the parallelogram 
HE double of the same triangle. 
therefore the parallelogram AF 
is equal to HK (a): but solid 
parallelopipeds upon equal bases, ®YT 8 t*i 

and of the same altitude, are r Sxi 28 

equal to one another (b) ; tnere- ^ 

fore the solid AX is equal to the solid GO: and the prism 
ABCDEF is half of the solid AX (c) : and the prism GHKLMN half 
of the solid GO (c) : therefore the prism ABCDEF is equal to the 
prism GHKLMJT. 
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BOOK XII. 



TiPiMMA I. 



Theobem. — If from the greater of two unequal magnitudes, 
there be taken more than its half, and from the remainder more 
than its half, and so on; there shall at length remain a mag- 
nitude less than the least of the proposed magnitudes. 

Demonstration. Let AB and 0*1)6 two unequal magnitudes, of 
which AB is the greater: if from AB there he taken more than 
its half, and from the remainder more than its half, and so on ; 
there shall at length remain a magnitude less than 0. 

For may be multiplied so as at length to be- 
come greater than AB. Let it he so multiplied, 
and let DE its multiple be greater than AB, and 
let D£ be divided into DF, FG, GE, each equal to K 
0. From AB, take BH greater than its half; and 
from the remainder AH, take HE greater than its U 
half, and so on, until there be as many divisions in t Q 

AB as there are in DE. And because DE is greater 
than AB, and that EG taken from DE is not greater 
than its half, but BH taken from AB is greater 
than its half, therefore the remainder GD is greater 
than the remainder HA. Again, because GD is 
greater than HA, and that GF is not greater than the half of 
GD, but HK is greater than the half of HA; therefore the 
remainder FD is greater than the remainder AE. And FD 
is equal to C, therefore C is greater than AE; that is, AE is less 
than C. 
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Corollary. And if only the halves be taken away, the same 
thing may, in the same way, be demonstrated. 

Scholium. This is the first proposition in the 10th book, and being ne- 
cessary to some of the propositions of this book, it is here inserted. 



PROPOSITION I. 




(a) VI. Def. 1. 
(6) III. 21. 
(c) in. 31. 



(<*)VL4. 

(e)V. Def. 10 and 22. 

(/) VI. 20. 



Theobem. — Similar polygons (ABODE, FGHKL) inscribed 
in circles, are to one another as the squares on their dia- 
meters. 

Demonstration. Let 
BM, GN be the diame- 
ters of the circles \join 
BE, AM; GL,FN:and 
because the polygon 
ABODE is similar to 
the polygon FGHKL, 
the angle BAE is equal 
to the angle GFL (a), 
and as BA is to AE, 
so isGF toFL: there- 
fore the two triangles 
BAE, GFL having an 
angle in one, equal to an angle in the other, and the sides about 
the equal angles proportionals, are equiangular; and therefore the 
angle AEB is equal to the angle FLG: but AEB is equal to AMB, 
because they stand upon the same circumference (b) : and the 
angle FLG is, for the same reason, eoual to the angle FNG: 
therefore also the angle AMB is equal to FNG; and the right 
angle BAM is equal to the right angle GFN (c) ; wherefore the 
remaining angles in the triangles ABM, FGN are equal, and they 
are equiangular to one another ; therefore as BM is to GN, so is 
BA to GF (d) ; and therefore the duplicate ratio of BM to GN, is 
the same with the duplicate ratio of BA to GF (e) : but the ratio 
ef the square on BM to the square on GN, is the duplicate ratio 
of that which BM has to GN; and the ratio of the polygon 
ABODE to the polygon FGHKL is the duplicate of that which 
BA has to GF (/) : therefore as the square on BM is to the square 
on GN, so is the polygon ABODE to the polygon FGHKL. 
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PROPOSITION IL 



Theorem. — Circles (AC, EG) are to one another as the 
squares on their diameters. 

Demonstration. For if it be not so, the square on BD must be 
to the square on FH, as the circle AO is to some space either less 
than the circle EG, or greater than it. First let it be to a space 
S less than the circle EG; and in the circle EG describe the square 




(c)JJLh («)V.U. 

OOBypoth. (/)V.14. 

EFGH (a). This square is greater than half of the circle EG ; 
because, if. through the points E, F, G, Q there be drawn tan- 
gents to the circle, the square EFGH is half of the square de- 
scribed about the circle (b) : and the circle is less than the square 
described about it, therefore the square EFGH is greater than 
half of the circle. Divide the circumferences EF, FG, GH, HE 
each into two equal parts in the points E, L, M, N, and join EK. 
KF, FL, LG, GM, MH, HN, NE : therefore each of the triangles 
EEF, FLG, GMH, HNE, is greater than half of the segment of 
the circle in which it stands ; because, if straight lines touching 
the circle be drawn through the points E, L, M, N, and the paral- 
lelograms upon the straight lines EF, FG, GH, HE be completed, 
each of the triangles EEF, FLG, GMH, HNE is the half of the 
parallelogram in which it is (b) ; but every segment is less than 
the parallelogram in which it is: wherefore each of the triangles 
EEF, FLG, GMH, HNE is greater than half the segment of the 
circle which contains it. Again, if the remaining circumferences 
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be divided each into two equal parts, and their extremities be 

i'oined by straight lines, by continuing to do this, there will at 
ength remain segments of the circle, which together are less than 
the excess of the circle EG above the space o; because, by the 
preceding Lemma, if from the greater of two unequal magnitudes 
there be taken more than its half, and from the remainder more 
than its half, and so on, there shall at length remain a magnitude 
less than the least of the proposed magnitudes. Let then the 
segments EE, EF, FL, LG, GM, MH, HN, NE be those that re- 
main, and are together less than the excess of the circle EG above 
S: therefore the rest of the circle, vis. the polygon EKFLGMHN, 
is greater than the space S. Describe likewise in the circle AC the 
polygon AXBOCPDR similar to the polygon EKFLGMHN: as 
cherefore the square on BD is to the square on FH, so is the poly* 
gon AXBOCPDR to the polygon EKFLGMHN (c)i but the 
square on BD is also to the square on FH, as the circle AO is to 
the space S (d); therefore as the circle AC is to the space S, so is 
the polygon AXBOCPDR to the polygon EKFLGMHN (e): but 
the circle AC is greater than the polygon contained in it ; where- 
fore the space S is greater than the polygon EKFLGMHN (/) : 
but it is likewise less, as has been demonstrated { which is impos- 
sible: therefore the square on BD is not to the square on FH, as 
the circle AC is to any space less than the circle EG. In the same 
manner it may be demonstrated, that neither is the souareon FH 
to the square on BD, as the circle EG is to any space less than the 
circle AC. Nor is the square on BD to the square on FH, as the 
circle AC is to any space greater than the circle EG. For if pos- 
sible, let it be so to T, a space greater than the circle EG: there- 
fore inversely, as the square on FH is to the square on BD, so is the 
space T to the circle Au: but as the space T is to the circle AO, 
so is the circle EG to some space, which must be less than the 
circle AC (/), because the space T is greater, by hypothesis, 
than the circle EG; therefore as the square on FH is to the 
square on BD, so is the circle EG to a space less than the circle 
AC, which has been demonstrated to be impossible : therefore the 
square on BD is not to the square on FH, as the circle AC is to 
any space greater than the circle EG: and it has been demon- 
strated that neither is the square on BD to the square on FH, as 
the circle AC to any space less than the circle EG : wherefore, at 
the square on BD is to the square on FH, sots the circle AG to the 
circle EG, 
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PROPOSITION III. 



Theorem. — Every pyramid having a triangular base (ABO) 
may be divided into two equal and similar pyramids having 
triangular bases, and which are similar to the whole pyra- 
mid ; and into two equal prisms which together are greater 
than half of the whole pyramid. 

Demonstration. Divide AB, BO, CA, AD, 
DB.DC each into two equal parte in the points 
E, F, G, H, K, L, and join EH, EG, GH, HK, 
KL, LH, EK, EF, FG. Because AE is equal to 
EB, and AH to HD, HE is parallel to DB (a) : 
for the same reason, HE is parallel to AB; 
therefore HEBE is a parallelogram, and HE 
equal to EB (b) : but EB is equal to AE ; there- 
fore also AE is equal to HE : and AH is equal 
to HD; wherefore EA, AH are equal to KH, 
HD, each to each ; and the angle E AH is equal 
to the angle EHD (c) ; therefore the base EH 
is equal to the base ED, and the triangle AEH 
equal and similar to the triangle HED (d) : for 
the same reason, the triangle AGH is equal and 
similar to the triangle HLD. Again, because 
the two straight lines EH, HG, which meet one 
another, are parallel to ELD, DL, that meet one 
another and are not in the same plane with 
them, they contain equal angles (e) ; therefore 
the angle EHG is equal to the angle EDL : and 
because EH, HG are equal to ED, DL, each to 
each, and the angle EHG equal to the angle 
EDL; therefore the base EG is equal to the 
base KL ; and the triangle EHG equal and similar to the triangle 
EDL (d) : for the same reason, the triangle AEG is also equal and 
similar to the triangle HKL : therefore the pyramid, of which the 
base is the triangle AEG, and of which the vertex is the point H, 
is equal and similar to the pyramid, the base of which is the tri- 
angle KHL, and vertex the point D (/). And because HE is 
parallel to AB, a side of the triangle ADB, the triangle ADB is 
equiangular to the triangle HDK, and their sides are propor- 
tionals {g) ; therefore the triangle ADB is similar to the triangle 
HDK: and for the same reason, the triangle DBC is similar to the 
triangle DEL; and the triangle ADO to the triangle HDL; and 
also the triangle ABC to the triangle AEG : but the triangle AEG 
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is similar to the triangle HKL, as before was proved; therefore 
the triangle ABO is similar to the triangle HKL (h) : and there- 
fore the pyramid of which the base is the triangle ABC, and ver- 
tex the point D, is similar to the pyramid of which the base is the 
triangle HKL. and vertex the same point D (i) : but the pyramid 
of which the fcase is the triangle H&L, and vertex the point D,is 
similar, as has been proved, to the pyramid the base of which is 
the triangle AEG, and vertex the point H ; wherefore the pyra- 
mid, the base of which is the triangle ABO, and vertex the point 
D, is similar to the pyramid of which the base is the triangle 
AEG and vertex H : therefore each of the pyramids AKGH, 
HKLD is similar to the whole pyramid ABCD. And because BF 
is equal to FC, the parallelogram EBFG is double of the triangle 
GFC (k) : but when there are two prisms of the same altitude, of 
which one has a parallelogram for its base, and the other a trian- 
gle that is half of the parallelogram, these prisms are equal to 
one another (I) ; therefore the prism having the parallelogram 
EBFG for its base, and the straight line KH opposite to it, is equal 
to the prism having the triangle GFC for its base, and the trian- 
gle HKL opposite to it ; for they are of the same altitude, be- 
cause they are between the parallel planes ABC, HKL (m) : and 
it is manifest that each of these prisms is greater than either of 
the pyramids of which the triangles AEG, HKL are the bases, 
and the vertices the points H, D ; because, if EF be joined, the 
prism having the parallelogram EBFG for its base, and KH the 
straight line opposite to it, is greater than the pyramid of which 
the base is the triangle EBF, and vertex the point K: but this 
pyramid is equal to the pyramid, the base of which is the triangle 
AEG, and vertex the point H (/) ; because they are contained by 
equal and similar planes : wherefore the prism having the paral- 
lelogram EBFG for its base, and opposite side KH, is greater than 
the pyramid of which the base is the triangle AEG, and vertex 
the point H : and the prism of which the base is the parallel- 
ogram EBFG, and opposite side KH, is equal to the prism having 
the triangle GFC for its base, and HKL the triangle opposite to it ; 
and the pyramid of which the base is the triangle AEG, and ver- 
tex H, is equal to the pyramid of which the base is the triangle 
HKL, and vertex D : therefore the two prisms before mentioned 
are greater than the two pyramids of which the bases are the 
triangles AEG, HKL, and vertices the points H, D. Therefore, 
the whole pyramid of which the base is the triangle ABC, and vertex 
the point D, is divided into two equal pyramids similar to one an- 
other, and to the whole pyramid ; and into two equal prisms; and 
the two prisms are together greater than half of the whole pyramid. 
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PROPOSITION IV. 



Thkobem.— If there be two pyramids (ABCG, DEFH) of 
the same altitude upon triangular bases (ABC, DEF), and 
each of them be divided into two equal pyramids similar to the 
whole pyramid*, and also into two equal prisms; and if each of 
these pyramids be divided in the same manner as the first two, 
and so on : as the base (ABC) of one of the first two pyra- 
mids is to the base (DEF) of the other, so shall all the 
prisms in one of them (ABCG) be to all the prisms in the 
other (DEFH), that are produced by the same number of 
divisions. 

Demoitstratiok. Make the 
same construction as in the fore-' 
going proposition: and because 
BX ig equal to XC, and AL to 
LC, therefore XL is parallel to 
AB (a), and the triangle ABC 
similar to the triangle LXO: for 
the same reason, the triangle 
DBF is similar to RTF. And 
because BO is double of OX, and 
KF double of FY ; therefore BO 
is to CX, as EF is to FY (b) : 
and upon BO, OX are described 
the similar and similarly situated 
rectilineal figures ABO, LXO: 
and upon EF, FY, in like man- 
ner are described the similar 
figures DEF, RYF : therefore, as 
the triangle ABO is to the tri- 
angle LXO, so is the triangle DEF to the triangle RYF (c\ and, 
by permutation, as the triangle ABO is to the triangle DEF, so 
is the triangle LXO to the triangle RYF. And because the planes 
ABC, OMN, as also the planes DEF, STY, are parallel (d), the 
perpendiculars drawn from the points G, H to the bases ABO, 
DEF, which, by the hypothesis, are equal to one another, shall be 
cut each into two equal parts by the planes OMN, STY (e), be- 
cause the straight lines GO, HF are cut into two equal parts in 
the points N, Y, by the same planes: therefore the prisms 
LXOOMN, RYFSTY are of the same altitude ; and therefore, as 
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the base LXC is to the base RVF ; that is, as the triangle ABC is 
to the triangle DEF, so is the prism haying the triangle LXC for 
its base, and OMN the triangle opposite to it, to the prism of 
which the base is the triangle RVF, and the opposite triangle 
STY (/) : and because the two prisms in the pyramid ABCG are 
equal to one another, and also the two prisms in the pyramid 
DEFH equal to one another ; as the prism of which the base is 
the parallelogram KBXL and opposite side MO, is to the prism 
haying the triangle LXC for its base, and OMN the triangle oppo- 
site to it; so is the prism of which the base is the parallelogram 
PEVR, and opposite side TS, to the prism of which the base is 
the triangle RVF, and opposite triangle STY (y) : therefore, comn 
ponendOfja the prisms KBXLMO, LXCOMN together, are to the 
prism LXCOMN ; so are the prisms PEVRTS, RVFSTY to the 
prism RYFSTY; and, permutando, as the prisms KBXLMO, 
LXCOMN are to the prisms PEYRTS, RVFSTY; so is the prism 
LXCOMN to the prism RYFSTY : but as the prism LXCOMN to 
the prism RYFSTY) so is, as has been proved, the base ABC to the 
base DEF; therefore, as the base ABC is to the base DEF, so are the 
two prisms in the pyramid ABCG to the two prisms in the pyra- 
mid DEFH : and likewise if the pyramids now made, for example, 
the two OMNG, STYH, be divided in the same manner; as the 
base OMN is to the base STY, so are the two prisms in the pyra- 
mid OMNG to the two prisms in the pyramid STYH : but the 
base OMN is to the base STY, as the base ABO is to the base DEF ; 
therefore, as the base ABC is to the base DEF, so are the two prisms in 
the pyramid ABCG to the two prisms in the pyramid DEFH ; and 
so are the two prisms in the pyramid OMNG to the two prisms in 
the pyramid STYH ; and so are all four to all four: ana the same 
thing may be shown of the prisms made by dividina the pyramids 
AELO and DPRS, and of all made by the same number of divisions. 



PROPOSITION V. 

Theorem.— Pyramids (ABCG, DEFH) of the same alti- 
tude which have triangular bases (ABO, DEF) are to one 
another as their bases. 

Demonstration. For if it be not so, the base ABC must be to 
the base DEF as the pyramid ABCG to a solid either less than 
the pyramid DEFH, or greater than it. First, let it be to a solid 
less than it, viz. to the solid Q; and divide the pyramid DEFH 
into two equal pyramids, similar to the whole, anil into two equal 
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prisms; therefore 
these two prisms 
are greater than 
the naif of the 
whole pyramid (a). 
And again, let the 
pyramids made by 
this division be in 
like manner dv- 
vided,KD& so on (b), 
until the pyra- 
mids which remain 
undivided in the 
pyramid DEFH 
be all of them to- 
gether less than the excess 
solid Q 




(a) XII. 3. 

(b) X1L Lemma 1. 



XII. 4. 
V. 14. 



of the pyramid BEFH above the 
w let these, for example, be the pyramids DPRS, STYH: 
therefore the prisms, which make the rest of the pyramid DEFH, 
are greater than the solid Q. Divide likewise the pyramid ABCG 
in the same manner, and into as many parts as the pyramid DEFH : 
therefore as the base ABO to the base J)EF, so are the prisms in 
the pyramid ABCG to the prisms in the pyramid DEFH (c) : but 
as the base ABO to the base DEF, so, by hypothesis, is the pyra- 
mid ABCG to the solid Q : and therefore, as the pyramid ABCG 
to the solid Q, so are the prisms in the pyramid ABOG to the 
prisms in the pyramid DEFH ; but the pyramid ABOG is greater 
than the prisms contained in it; wherefore also the solid Q is 
greater than the prisms in the pyramid DEFH (d) : but it is also 
less, which is impossible: therefore the base ABO is not to the 
base DEF, as the pyramid ABOG to any solid which is less than 
the pyramid DEFH. In the same manner it may be demon- 
strated, that the base DEF is not to the base ABO, as the pyra- 
mid DEFH to any solid which is less than the pyramid ABOG. 
Nor can the base ABC be to the base DEF, as the pyramid ABCG 
to any solid which is greater than the pyramid DEFH. For if it 
be possible, let it be so to a greater, viz. the solid Z. And because 
the base ABC is to the base DEF, as the pyramid ABOG to the 
solid Z ; by inversion, as the base DEF is to the base ABO, so is the 
solid Z to the pyramid ABCG : but as the solid Z is to the pyra- 
mid ABCG, so is the pyramid DEFH to some solid, which must be 
less than the pyramid ABCG (d), because the solid Z is greater 
than the pyramid DEFH ; and therefore, as the base DEF is to the 
base ABCC so is the pyramid DEFH to a solid less than the pyra- 
mid ABOG ; the contrary to which has been proved : therefore the 
base ABO is not to the base DEF, as the pyramid ABCG to any 
solid which is greater than the pyramid DEFH. And it has been 
proved, that neither is the base ABO to the base DEF, as the py- 
ramid ABOG to any solid which is less than the pyramid DEFH ; 
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therefore, as the base ABC is to the base DEF, so is the pyramid 
ABCG to the pyramid DEFH. 



PROPOSITION VI. 

Theorem. — Pyramids (ABCDEM, FGHKLN) of the 
same altitude which have polygons (ABODE, FGHKL) for 
their bases, are to one another as their bases. 

Demonstration. Divide 
the base ABODE into the tri- 
angles ABC, ACD, ADE : and 
the base FGHKL into the tri- 
angles FGH, FHK, FKL : 
and upon the bases ABO, 
ACD, ADE, let there be as 
many pyramids of which the 
common vertex is the point M, 
and upon the remaining bases 
as many pyramids having 
their common vertex in the point N. Therefore, since the triangle 
ABC is to the triangle FGH, as the pyramid ABOM to the pyra- 
mid FGHN (a) ; and the triangle ACD to the triangle FGH, as 
the pyramid ACDM to the pyramid FGHN; and also the triangle 
ADE to the triangle FGH, as the pyramid ADEM to the pyramid 
FGHN ; as all the first antecedents to their common consequent, 
so are all the other antecedents to their common consequent (5) ; 
that is, as the base ABODE to the base FGH, so is the pyramid 
ABCDEM to the pyramid FGHN: and for the same reason, as the 
base FGHKL to the base FGH, so is the pyramid FGHKLN to the 
pyramid FGHN; and, by inversion, as the base FGH to the base 
FGHKL, so is the pyramid FGHN to the pyramid FGHKLN : 
then, because, as the base ABODE to the base FGH, so is the py- 
ramid ABCDEM to the pyramid FGHN; and as the base FGH to 
the base FGHKL, so is the pyramid FGHN to the pyramid 
FGHKLN; therefore, ex aquali, as the base ABODE is to the base 
FGHKL, so is the pyramid ABCDEM to thepyramid FGHKLN (c). 

PROPOSITION VII. 

Theorem. — Every prism (ABCDEF) having a triangular 
base (ABC) may be divided into three pyramids that have 
triangular bases, and are equal to one another. 
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DaKOrtnatioir. Join BD, BO, CD: and be- 
cause ABED is a parallelogram of which BD 
is the diagonal, the triangle ABD is equal to the 
triangle EBD (a); therefore the pyramid of 
which the base is the triangle ABD, and vertex 
the point 0, is equal to the pyramid of which 
the base is the triangle EBD, and vertex the 
point (b) : but this pyramid is the same with 
the pyramid the base of which is the triangle 
EBO, and vertex the point D ; for they are con- 
tained by the same planes : therefore the pyra- 
mid of which the base is the triangle ABD, and vertex the point 
0, is equal to the pyramid, the base of which is the triangle EBO, 
and vertex the point D. Again, because, FOBE is a parallelogram 
of which the diagonal is OE, the triangle EOF is equal to the 
triangle EOB (a) ; therefore the pyramid of which the base is the 
triangle EOB, and vertex the point D, is equal to the pyramid the 
base of which is the triangle EOF, and vertex the point D : but 
the pyramid of which the base is the triangle EOB, and vertex 
the point D, has been proved equal to the pyramid of which the 
base is the triangle ABD, and vertex the point : therefore the 
prism ABODEF is divided into three equal pyramids having trian- 
gular bases, viz. into the pyramids ABDO, EBDO, ECFD. And 
because the pyramid of which the base is the triangle ABD, and 
vertex the point 0, is the same with the pyramid of which the 
base is the triangle ABO, and vertex the point D, for they are 
contained by the same planes ; and that the pyramid of which the 
base is the triangle ABD, and vertex the point 0, has been demon- 
strated to be a third part of the prism, the base of which is the 
triangle ABO, and DEF the opposite triangle ; therefore, the pyra- 
mid of which the base is the triangle ABO, and vertex the point D, is 
the third part of the prism which has the same base, viz. the triangle 
ABO, and DEF its opposite triangle. 

Corollary 1. From this it is manifest that every pyramid is 
the third part of a prism which has the same base, and is of an 
equal altitude with it : for if the base of the prism be any other 
figure than a triangle, it may be divided into prisms having trian- 
gular bases. 

Corollary 2. Prisms of equal altitudes are to one another as 
their bases ; because the pyramids upon the same bases, and of the 
same altitude, are to one another as their bases (c). 
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PROPOSITION VIII. 



Theobem. — Similar pyramids having triangular bases 
are one to another in the triplicate ratio of that of their 
homologous sides. 

Demonstration. Let the pyramids haying the triangles ABC, 
DEF for their bases, and the points G, H for their vertices, be 
similar and similarly situated: the pyramid ABCG shall have to 
the pyramid DEFH, the triplicate ratio of that which the side 
BC has to the homologous side EF. 

Complete the parallelograms 
ABCM, GBCN, ABGK, and the 
solid pardlldopiped BGML con- 
tained by these planes and those 
opposite to them; and in like 
manner, complete the solid parol- 
lelopived EHPO contained by 
the three parallelograms DEFP, 
HEFR, DEHX, and those oppo- 
site to them. And because the 
pyramid ABCG is similar to the 
pyramid DEFH, the angle ABC 




is equal to the angle DEF (a), 



(a) XL Def. 11. 
(6)VI.Def.l. 

(c) XI. 24. 

(d) XL b. 
(e)XL33. 
GOV. 15. 



and the angle GBC to the angle 
HEF,andABGtoDEH: andAB 
is to BC as DE is to EF (b) ; 
that is, the sides about the equal 
angles are proportionals: wherefore the parallelogram BM is 
similar to EP : for the same reason, the parallelogram BN is simi- 
lar to EH, and BK to EX: therefore the three parallelograms BM, 
BN, BK are similar to the three EP, ER, EX: but the three BM, 
BN, BK are equal and similar to the three which are opposite to 
them (c), and the three EP, ER, EX equal and similar to the 
three opposite to them: wherefore the solids BGML, EHPO are 
contained by the same number of similar planes: and their 
solid angles are equal (d); and therefore the solid BGML is 
similar to the solid EHPO (a) : but similar solid parallelopipeds 
have the triplicate ratio of that which their homologous sides 
have (<?): therefore the solid BGML has to the solid EHPO, the 
triplicate ratio of that which the side BC has to the homologous 
side EF : but as the solid BGML is to the. solid EHPO, so is the 
pyramid ABCG to the pyramid DEFH (/ j ; because the pyramids 
jure the sixth part of the solids, since the prism, which is the 

i3 
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half (a) of the solid parallel- 
opiped, is triple of the pyra- 
mid (h): wherefore, likewise, the 
pyramid ABCG has to the pyra- 
mid DEFH, the triplicate ratio of 
that which BO has to the homo- 
logous side EF. 

Corollary. From this it is 
evident, that similar pyramids, 
which have multangular bases, 
are likewise to one another in 
the triplicate ratio of their homologous sides : for they may be 
divided into similar pyramids having triangular bases, because 
the similar polygons which are their bases, may be divided into 
the same number of similar triangles homologous to the whole 
olygons : therefore, as one of the triangular pyramids in the 
rat multangular pyramid is to one of the triangular pyramids in 
the other (i), so are all the triangular pyramids in the first to all 
the triangular pyramids in the other; that is, so is the first mult- 
angular pyramid to the other : but one triangular pyramid is to 
its similar triangular pyramid in the triplicate ratio of their 
homologous sides ; and therefore the first multangular pyramid 
has to the other the triplicate ratio of that which one of the 
sides of the first has to the homologous side of the other. 
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PROPOSITION IX. 

Theorem [1 .] — The bases and altitudes of equal pyramids 
having triangular bases are reciprocally proportional ; [2.] and 
triangular pyramids, of which the bases and altitudes are 
reciprocally proportional, are equal to one another. 

Demonstration [1.] Let the pyramids of which the triangles 
ABO, DEF are the bases, and which have their vertices in the 
points G, H, be equal to one another: the bases and altitudes of 
the pyramids ABCG, DEFH shall be reciprocally proportional, 
viz. the base ABO shall be to the base DEF, as the altitude of the 
pyramid DEFH to the altitude of the pyramid ABCG. 

Complete the paraUdoqram AC, AG, GC, DF, DH, HF; and the 
solid parallelepipeds BGML, EHPO, contained by these planes, and 
those which are opposite to them. And because the pyramid ABCG 
is equal to the pyramid DEFH, and that the solid BGML is sex- 
tuple of the pyramid ABCG (a), and the solid EHPO sextuple of 
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(a) XI. 28, and XII. 7. 

(5)V.Ax.l. 

(cjXI.34. 

09V.15. 

(e)V.Ax.2. 



the pyramid DEFH ; therefore the 
solid BGML is equal to the solid 
EHPO (b) : but the bases and alti- 
tudes of equal solid parallel- 
opipeds are reciprocally propor- 
tional (c) ; therefore, as the base 
BM is to the base EP, so is the alti- 
tude of the solid EHPO to the 
altitude of the solid BGML : but 
as the base BM is to the base EP, 
so is the triangle ABO to the tri- 
angle DEF (d) ; therefore as the 
triangle ABC to the triangle DEF, 
so is the altitude of the solid 
EHPO to the altitude of the solid BGML: but the altitude of the 
solid EHPO is the same with Jbhe altitude of the pyramid DEFH ; 
and the altitude of the solid BGML is the same with the altitude 
of the pyramid ABCG ; therefore, as the base ABC to the base 
DEF, so is the altitude of the pyramid DEFH to the altitude of 
the pyramid ABCG : wherefore, the bases and altitudes of the pyra- 
mids ABCG, DEFH, are reciprocally proportional. 

[2.1 Again, let the bases and altitudes of the pyramids ABCG, 
DEFH, be reciprocally proportional, viz. the base ABC be to the 
base DEF, as the altitude of the pyramid DEFH is to the altitude 
of the pyramid ABCG: the pyramid ABCG shall be equal to the 
pyramid DEFH. 

The same construction being made; because as the base ABC is to 
the base DEF, so is the altitude of the pyramid DEFH to the 
altitude of the pyramid ABCG ; and as the base ABC is to the base 
DEF, so is the parallelogram BM to the parallelogram EP: there- 
fore the parallelogram BM is to EP, as the altitude of the pyra- 
mid DEFH is to the altitude of the pyramid ABCG: but the alti- 
tude of the pyramid DEFH is the same with the altitude of the 
solid parallelopiped EHPO; and the altitude of the pyramid 
ABCG is the same with the altitude of the solid parallelopiped 
BGML: therefore as the base BM is to the base EP, so is the alti- 
tude of the solid parallelopiped EHPO to the altitude of the solid 
parallelopiped BGML: but solid parallelopipeds having their 
bases and altitudes reciprocally proportional, are equal to one 
another (c) ; therefore the solid parallelopiped BGML is equal to 
the solid parallelopiped EHPO : and the pyramid ABCG is the 
sixth part of the solid BGML, and the pyramid DEFH is the sixth 
part of the solid EHPO ; therefore the pyramid ABCG is equal to 
the pyramid DEFH (c). 
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PROPOSITION X. 




Theorem. — Every cone is the third part of a cylinder which 
has the same base (ABCD), and is of an equal altitude, 
-with it. 

Demonstration. If the cylinder be not 
triple of the cone, it must either be greater 
than the triple, or less than it. First, let it 
be greater than the triple ; and inscribe the 
square ABCD in the circle: this square is 
greater than the half of the circle ABCD (a). 
Upon the square ABCD, erect a prism of the 
same altitude with the cylinder ; this prism 
shall be greater than half of the cylinder : (a)XH.2. 

for let a square be described about the (6) XL 82. 

circle, and let a prism be erected upon the 
square, of the same altitude with the cylinder ; then the inscribed 
square is half of that circumscribed ; and upon these square bases 
are erected solid parallelopipeds, viz. the prisms of the same alti- 
tude; therefore the prism upon the square ABCD is the half of 
the prism upon the square described about the circle ; because 
they are to one another as their bases (b) : and the cylinder is lew 
than the prism upon the square described about the circle ABCD ; 
therefore the prism upon the square ABOD of the same altitude 
with the cylinder, is greater than half of the cylinder. Bisect the 
circumferences AB, BO, CD, DA, in the points E, F, G, H ; and join 
AE, EB, BF, FO, CG, GD, DH, HA: then, each of the triangles 
AEB, BFO, CGD, DHA is greater than the half of the segment 
of the circle in which it stands, as was shown in Prop. II. of this 
book. Erect prisms upon each of these triangles, of ike same alti- 
tude with the cylinder; each of these prisms shall be greater than 
half of the segment of the cylinder in which it is; because, if 
through the points E, F, G, H parallels be drawn to AB, BO, CD, 
DA, and parallelograms be completed upon the same AB, BO, CD, 
DA, and solid parallelopipeds be erected upon the parallelograms / 
the prisms upon the triangles AEB, BFO, OGD, DHA, are the 
halves of the solid parallelopipeds (c) ; and the segments of the 
cylinder which are upon the segments of the circle cut oh? by 
AB, BO, CD, DA are less than the solid parallelopipeds which 
contain them ; therefore the prisms upon the triangles AEB, BFO, 
CGD, DHA are greater than half of the segments of the cylinder 
in which they are : therefore, if each of the circumferences be 
divided into two equal parts, and straight lines be drawn from the 
points of division to the extremities of the circumferences, and 
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c) XII. 7, cor. 2. 

d) XII. Lemma 1. 

e) XII. 7, cor. 1, 



upon the triangles thus made, prisms be 
erected of the same altitude with the cylin- 
der, and so on, there must at length remain 
some segments of the cylinder which to- 
gether are less than the excess of the cylin- 
der above the triple of the cone (d) : let 
them be those upon the segments of the 
circle, AE, EB, BF, FO, CG, GD, DH. HA ; 
therefore the rest of the cylinder, that is, 
theprism of which the base is the polygon 
AEBFCGDH, and of which the altitude is 
the same with that of the cylinder, is 
greater than the triple of the cone : but this prism is triple of the 
pyramid upon the same base («), of which the vertex is the same 
with the vertex of the cone; therefore the pyramid upon the 
base AEBFCGDH, having the same vertex with the cone,is 
greater than the cone of which the base is the circle ABOD : 
but it is also less, for the pyramid is contained within the cone} 
which is impossible; therefore the cylinder is not greater -than 
the triple of the cone. 

Nor can the cylinder be less than the triple 
of the cone. Let it be less, if possible ; there- 
fore, inversely, the cone is greater than the 
third part of the cylinder. In the circle 
ABOD, inscribe a square: this square is 
greater than the half of the circle: and 
upon the square ABOD erect a pyramid 
having the same vertex with the cone ; this 
pyramid is greater than the half of the cone ; 
because, as was before demonstrated, if a square be described 
about the circle, the square ABOD is the half of it : and if upon 
these squares there be erected solid parallelepipeds of the same 
altitude with the cone, which are also prisms, the prism upon the 
square ABOD is the half of that which is upon the square den 
scribed about the circle; for they are to one another as their 
bases (b) ; as are also the third parts of them : therefore the py« 
ramid, the base of which is the square ABOD, is half of the pyra- 
mid upon the square described about the circle: but this last 
pyramid is greater than the cone which it contains ; therefore the 
pyramid upon the square ABOD, having the same vertex with the 
cone, is greater than the half of the cone. Bisect ike cirtmmn 
ferences AB. BO, CD, DA, in the points E, F, G, H, and join AE, 
EB, BF, FO, OG, GD, DH, HA: therefore each of the triangles 
AEB, BFC, OGD, DH A is greater than half of the segment of the 
circle in which it is : upon each of these triangles erect pyramids 
having the same vertex with the cone: therefore each of those 
pyramids is greater than the half of the segment of the cone in 
which it is, as was before demonstrated of the prisms and seg* 
ments of the cylinder; and thus dividing each of the cuoum&r* 
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ences into two equal parts, and joining the points of division and 
their extremities by straight lines, and upon the triangles erect- 
ing pyramids having their vertices the 
same with that of the cone, and so on, there 
must at length remain some segments of the 
cone, which together are less than the ex- 
cess of the cone above the third part of the 
cylinder (d): let these be the segments upon 
AE, EB, BF, PC, CG, GD, DH, HA: there- 
fore the rest of the cone, that is, the pyra- 
mid of which the base is the polygon ,j\ ytt t «*««,« t 
AEBFCGDH, and of which the vertex is the w XIL Lemmal - 
same with that of the cone, is greater than the third part of the 
cylinder : but this pyramid is the third part of the prism upon 
the same base AEBFCGDH, and of the same altitude with the 
cylinder; therefore this prism is greater than the cylinder of 
which the base is the circle ABCD: but it is also less, for it is 
contained within the cylinder ; which is impossible : therefore the 
cylinder is not less than the triple of the cone. And it has been 
demonstrated, that neither is it greater than the triple ; therefore 
the cylinder is triple of the cone, or, the cone is the third part of 
the cylinder. 

PROPOSITION XL 

Theobem. — If cones and cylinders are of the same altitude, 
they are to one another as their bases. 

Demonstration. Let the cones and cylinders, of which the 
bases are the circles *ABCD, EFGH, and the axes KL, MN, and 
AC, EG, the diameters of their bases, be of the same altitude: as 
the circle ABCD is to the circle EFGH, so shall the cone AL be 
to the cone EN. 

If it be not so, the circle ABCD must be to the circle EFGH, as 
the cone AL to some solid either less than the cone EN, or greater 
than it. First, let it be to a solid less than EN, viz. to the solid 
X; and let Z be the solid which is equal to the excess of the cone 
EN above the solid X ; therefore the cone EN is equal to the 
solids X, Z together. In the circle EFGH, inscribe the square 
EFGH; therefore this square is greater than the half of the 
circle : upon the square EFGH, erect a pyramid of the same altitude 
with the cone; this pyramid shall be greater than half of the cone: 
for, if a square be described about the circle, and a pyramid be 
erected upon it, having the same vertex with the cone, the pyra- 
mid inscribed in the cone is half of the pyramid circumscribed 
about it, because they are to one another as their bases (a) : but 
the cone is lest than the circumscribed pyramid ; therefore the 
pyramid of which the base is the square EFGH, and its vertex 
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fa) XII. 6. 

(J) XII. Lemma 1. 

(c)XU.l. 



(d) XII. 2. 
OOV.U. 



the same with that of 
the cone, is greater 
than half of the cone. 
Divide the circum- 
ferences EF, FG, GH, 
HE, each into two 
equal parts in the 
points 0, P, R, S, and 
join EO, OF, FP, 
PG, GR, RH, HS, 
SE: therefore each 
of the triangles EOF, 
FPG, GRH, HSE, is 
greater than half of 
the segment of the 
circle in which it is : 
upon each of these 
triangles, erect a py- 
ramid having the 
same vertex with the 
cone; each of these 
pyramids is greater than the half of the segment of the cone in 
which it is : and thus dividing each of these circumferences into 
two equal parts, and, from the points of division drawing straight 
lines to the extremities of the circumferences, and upon each of 
the triangles thus made, erecting pyramids having the same ver- 
tex with the cone, and so on, there must at length remain some 
segments of the cone which are together less than the solid Z (b) ; 
let these he the segments upon EO, OF, FP, PG, GR> RH, HS, 
SE: therefore the remainder of the cone, viz. the pyramid of 
which the base is the polygon EOFPGRHS, and its vertex the 
same with that of the cone, is greater than the solid X. In the 
circle ABCD, inscribe the polygon ATBYCVDQ similar to the poly- 
gon EOFPGRHS, and upon it erect a pyramid having the same ver- 
tex with the cone AL : and because as the square on AC is to the 
square on EG, so is the polygon ATBYCVDQ to the polygon 
EOFPGRHS (c) ; and as the square on AC is to the square on EG, 
so is the circle ABCD to the circle EFGH (d) ; therefore the circle 
ABCD is to the circle EFGH, as the polygon ATBYCVDQ to the 
polygon EOFPGRHS (e) : but as the circle ABCD is to the 
circle EFGH, so is the cone AL to the solid X; and as the 
polygon ATBYCVDQ is to the polygon EOFPGRHS, so is (a) 
the pyramid of which the base is the first of these poly- 
gons, and vertex L, to the pyramid of which the base is 
the other polygon, and its vertex N: therefore, as the cone 
AL is to the solid X, so is the pyramid of which the base is the 
polygon ATBYCVDQ, and vertex L, to the pyramid the base of 
which is the polygyon EOFPGRHS, and vertex N: but the cone 
AL is greater than the pyrami4 contained in it ; therefore the 
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V.14. 
V.15. 



(fc) XII. 10. 



solid X is greater than the pyramid in the cone EN (f) : bat it 
is less, as was shown; which is absurd : therefore the circle ABGD 
is not to the circle 
EFGH, as the cone 
AL is to any solid 
which is less than 
the cone EN. In the 
same manner it may 
be demonstrated, 
that the circle EFGH 
is not to the circle 
ABCD, as the cone 
EN to any solid less 
than the cone AL. 
Nor can the circle 
ABCD be to the cir- 
cle EFGH, as the 
cone AL, to any solid 
greater than the cone 
EN. For if it be 
possible, let it be so 
to the solid I, which 
is greater than the cone EN: therefore, by inversion, as the circle 
EFGH is to the circle ABGD, so is the solid I to the cone AL : but 
as the solid I is to the cone AL, so is the cone EN to some solid, 
.which must be less than the cone AL (/), because the so)id I is 
greater than the cone EN; therefore, as the circle EFGH is to the 
circle ABGD, so is the cone EN to a solid less than the cone AL, 
which was shown to be impossible ; therefore the circle ABCD is 
not to the circle EFGH, as the cone AL is to any solid greater 
than the cone EN. And it has been demonstrated, that neither is 
the circle ABCD to the circle EFGH, as the cone AL to any solid 
less than the cone EN ; therefore the circle ABCD is to the circle 
EFGH, as the cone AL is to the cone EN : but as the cone is to the 
cone, so is the cylinder to the cylinder (a), because the cylinders 
are triple of the cones, each of each (h) : therefore, as the cirefe 
ABCD is to the cirde EFGH, so are the cylinders upon them of the 
same altitude. 

PROPOSITION XII. 

Theorem. — If cones and cylinders are similar, they have to 

one another, the triplicate ratio of that which the diameters 

of their bases have. 

Demonstration. Let the cones and cylinders of which the 
bases are the circles ABCD, EFGH, and the diameters of the bases 
AC, $Q, and KL, MN the axes of the cones or cylinders, be 
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similar: the cone of which the base is the circle ABCD and ver- 
tex the point Ly shall have to the cone of which the base is the 
circle EFGH and vertex N, the triplicate ratio of that which AO 
has to EG. 

For if the cone 
ABCDL has not to 
the cone EFGHN, 
the triplicate ratio 
of that which AC 
has to EG, the cone 
ABCDL must have 
the triplicate of 
that ratio to some 
solid which is less 
or greater than 
the cone EFGHN. 
First, let it have 
it to a less, viz. to 
the solid X. Make 
the same construc- 
tion as in the prece- 
ding proposition, 
and it may be de- 
monstrated in the 




(a) XI. 24 
m V. 15. 



(c)VI.6. 



very same way as 
in that proposi- 
tion, that the py- 
ramid of which the base is the polygon EOFPGRHS, and vertex 
N, is greater than the solid X. Inscribe also in the circle ABCD, 
the polygon ATBYCVDQ similar to the polygon EOFPGRHS, upon 
which erect a pyramid having the same vertex with the cone: and let 
LAQ be one of the triangles containing the pyramid upon the 
polygon ATBYCVDQ, the vertex of which is L; and let NES be 
one of the triangles containing the pyramid upon the polygon 
EOFPGRHS, of which the vertex is N ; and join KQ, MS, Then, 
because the cone ABCDL is similar to the cone EFGHN, AC is to 
EG as the axis KL is to the axis MN (a) ; and as AC is to EG, so 
is AK to EM (b) ; therefore as AK is to EM, so is KL to MN ; and 
alternately, AK is to KL, as EM is to MN : and the right angled 
AKL, EMN are equal: therefore the sides about these equal 
angles being proportionals, the triangle AKL is similar to the 
triangle EMN (c). Again, because AK is to KQ, as EM is to MS, 
and that these sides are about equal angles AKQ, EMS, because 
these angles are, each of them, the same part of four right angles 
at the centers K, M, therefore the triangle AKQ is similar to the 
triangle EMS (c). And because it has been shown, that as AK is 
to KL, so is EM to MN, and that AK is equal to KQ, and EM to 
MS, therefore as QK is to KL, so is SM to MN; and therefore the 
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sides about the 
right angles QKL, 
6MN, being pro- 
portionals, the tri- 
angle LKQ is simi- 
lar to the triangle 
NMS. And because 
of the similarity of 
the triangles AKL, 
EMN, as LA is to 
AK,soisNEtoEM; 
and by the simi- 
larity of the trian- 
gles AKQ, EMS, 
as KA is to AQ, so 
is ME to ES: there- 
fore, ex cequali, LA 
is to AQ, as NE to 
ES(rf). Again, be- 
cause of the simi- 
larity of the trian- 
gles LQK,NSM, as 
LQtoQK,soisNS 
to SM; and from 
the similarity of 




(d ) V. 22. 

(e) VI. 5. 
(/) XI. b. 
&)XII.8. 



(A) V. 12. 
(t) V. 14. 
(*) XII. 10. 



the triangles, K AQ, MES, as EQ is to QA, so is MS to SE : therefore, 
ex cequaliy LQ is to QA, as NS is to SE (d) : and it was proved, that 
QA is to AL, as SE is to EN : therefore again, ex cequali, as QL is to 
LA, so is SN to NE: wherefore the triangles LQA, NSE, haying 
the sides about all their angles proportionals, are equiangular and 
similar to one another (e) : and therefore the pyramid of which 
the base is the triangle AKQ, and vertex L, is similar to the py- 
ramid the base of which is the triangle EMS, and vertex N, be- 
cause their solid angles are equal to one another (/) ; and they 
are contained by the same number of similar planes * but similar 
pyramids which have triangular bases, have to one another the 
triplicate ratio of that which their homologous sides have (g) ; 
therefore the pyramid AKQL has to the pyramid EMSN, the tri- 
plicate ratio of that which AE has to EM. In the same manner, 
if straight lines be drawn from the points D, V, C, Y, B, T, to K, 
and from the points H, B^ G, P, F, 0, to M, and pyramids be erected 
upon the triangles, having the same vertices with the cones, it may 
be demonstrated, that each pyramid in the first cone has to each 
in the other, taking them in the same order, the triplicate ratio 
of that which the side AK has to the side EM: that is, which AC 
has to EG : but as one antecedent is to its consequent, so are all the 
antecedents to all the consequents (h) ; therefore as the pyramid 
AKQL is to the pyramid EMSN, so is the whole pyramid the base 
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of which is the polygon DQATBYCV, and vertex L, to the whole 
pyramid of which the base is the polygon HSEOFPGR, and vertex 
N : wherefore also the first of these two last-named pyramids has 
to the other the triplicate ratio of that which AC has to EG ; 
but, by the hypothesis, the cone of which the base is the circle 
ABCD, and vertex L, has to the solid X, the triplicate ratio of 
that which AG has to EG; therefore as the cone of which the 
base is the circle ABCD, and vertex L, is to the solid X, so is the 
pyramid the base of which is the polygon DQATBYCV, and 
vertex L, to the pyramid the base of which is the polygon 
HSEOFPGR, and vertex N: but the said cone is greater than the 
pyramid contained in it : therefore the solid X is greater than the 
pyramid (i), the base of which is the polygon HSEOFPGR, and 
vertex N : but it is also less ; which is impossible : therefore the 
cone, of which the base is the circle ABCD, and vertex L, has not 
to any solid which is less than the cone of which the base is the 
circle EFGH and vertex N, the triplicate ratio of that which AC 
has to EG. In the same manner it may be demonstrated, that 
neither has the cone EFGHN to any solid which is less than the 
cone ABCDL, the triplicate ratio of that which EG has to AC. 
Nor can the cone ABCDL have to any solid which is greater than 
the cone EFGHN, the triplicate ratio of that which AC has to EG. 
For if it be possible, let it have it to a greater, viz. to the solid Z: 
therefore, inversely, the solid Z has to the cone ABCDL, the tri- 
plicate ratio of that which EG has to AC: but as the solid Z is to 
the cone ABCDL, so is the cone EFGHN to some solid, which 
must be less than the cone ABCDL (t), because the solid Z is 
greater than the cone EFGHN; therefore the cone EFGHN has 
to a solid which is less than the cone ABCDL, the triplicate ratio 
of that which EG has to AC, which was demonstrated to be im- 
possible : therefore the cone ABCDL has not to any solid greater 
than the cone EFGHN, the triplicate ratio of that which AC has 
to EG: and it was demonstrated that it could not have that ratio 
to any solid less than the cone EFGHN: therefore the cone 
ABCDL has to the cone EFGHN, the triplicate ratio of that which 
AC has to EG ; but as the cone is to the cone, so is the cylinder to 
the cylinder (b) ; for every cone is the third part of the cylinder 
upon the same base, and of the same altitude (k) : therefore also 
the cylinder has to the cylinder, the triplicate ratio of that which AC 
has to EG. 

PROPOSITION XIII. 
Theorem. — If a cylinder be cut by a plane parallel to its 
opposite planes or bases, it divides the cylinder into two cylin- 
ders, one of which is to the other, as the axis of the first is 
to the axis of the other. 
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(a) XI. 16. 
(6) I. Def. 15. 

(c) xn. 11. 

(cQ V. Def. 5. 



DfflWinmunoir. Lei the cylinder AD he 
eat by the plane OH parallel to the opposite 
planes AB, CD, meeting the axil EF in the 
point K: and let the line GH be the common 
section of the plane GH, and the surface of 
the cylinder AD. Let AEFO be the parallel- 
ogram in any position of it, by the revolution 
of which about the straight line EF, the cylin- 
der AD is described ; and let GK be the com- 
mon section of the plane GH, and the plane 
AEFO. And because the parallel planes AB, 
GH are cut by the plane ABKG, AB, KG, 
their common sections with it, are parallel (a) ; 
wherefore AK is a parallelogram, and GK equal 
to EA, the straight line from the center of the 
circle AB: for the same reason, each of the 
straight lines drawn from the point K to the 
line GH, may be proved to be equal to those 
which are drawn from the center of the circle 
AB to its circumference, and are therefore all equal to one another; 
therefore the line GH is the circumference of a circle of which 
the center is the point K (b) : therefore the plane GH divides the 
cylinder AD into the cylinders AH, GD ; for they are the same 
which would be described by the revolution of the parallelograms 
AK, GF, about the straight lines EK, KF: and it is to be shown, 
that the cylinder AH is to the cylinder HO, as the axis EK is to 
the axis KF. 

Produce the axis BF both ways: and take any number of straight 
lines EN, NL, each equal to EK ; and any number FX, AM, each 
equal to FK ; and let planes paraUd to AB, GD, pass through the 
points L, N, X, M : therefore the common sections of these planes 
with the cylinder produced, are circles, the centers of which are 
the points L, N, X, M, as was proved of the plane GH ; and these 
planes cut off the cylinders PR, RB, DT, TQ. And because the 
axes LN, NE, EK are all equal, therefore the cylinders PR, RB, 
BG are to one another as their bases (e) : but their bases are equal, 
and therefore the cylinders PR, RB, BG are equal: and because 
the axes LN, NE, EK are equal to one another, as also the cylin- 
ders PR, RB, BG, and that there are as many -axes as cylinders ; 
therefore whatever multiple the axis KL is of the axis KE, the 
same multiple is the cylinder PG of the cylinder GB : for the same 
reason, whatever multiple the axis MK is of the axis KF, the same 
multiple is the cylinder QG of the cylinder GD : and if the axis 
KL be equal to the axis KM, the cylinder PG is equal to the cy- 
linder GQ ; and if the axis KL he greater than the axis KM, the 
cylinder PG is greater than the cylinder GQ; and if less, less: 
therefore, since there are four magnitudes, viz. the axes EK, KF, 
and the cylinders BG, GD ; and that of the axis EK and cylinder 
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BG there have been taken any equimultiples whatever, via. the axis 
KL and cylinder PG, and of tne axis KF and cylinder GD, any 
equimultiples whatever, via. the axis KM and cylinder GQ; and 
since it has been demonstrated, that if the axis KL he greater 
than the axis KM, the cylinder PG is greater than the cylinder 
GQ; and if equal, equal; and if less, less; therefore (d), as the 
axis EK » to the axis&F, so is the cylinder BQtethe cylinder GD. 



PROPOSITION XIV. 

Theobeh. — If cones and cyiHndtn art upon equal ba$e$, 
they are to one another as their altitudes. 

Demonstration. Let the cylinders EB, FD be upon the equal 
bases AB, CD ; as the cylinder EB is to the cylinder FD, sq snaQ 
the axis GH be to the axis KL. 

Produce the axis KL to the point N, 
and make LN equal to the axis GH; 
and let CM be a cylinder of which the 
base is CD, and axis LN. Then, be- 
cause the cylinders EB, CM have the 
same altitude, they are to one another 
as their bases (a): hut their bases are 
equal, therefore also the cylinders EB, 
CM are equal : and because the cylin* 
der FM is cut by the plane CD parallel 
to its opposite planes, as the cylinder 
CM is to the cylinder FD, so is the 
axis LN to the axis KL (&) : but the 
cylinder CM is equal to the cylinder 
EB, and the axis LN to the axis GH; 
therefore as the cylinder EB is to the cylinder FD, so is the axis 
GH to the axis KL: and as the cylinder EB is to the cylinder FD, 
so is the cone ABG to the eone CDK (c), because the cylinders are 
triple of the cones (d) : therefore alsojhe axis GH is to the_axis 
KL, as the cone ABG is to f 
to the cylinder FD, 
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> the cone CDK, and as the cylinder EB is 



PROPOSITION XV. 

Theorem [I.] — If cones and cylinders are equal, their bases 
and altitudes are reciprocally proportional; [&] and if the 
bases and altitudes be reciprocally proportional, the cones and 
cylinders are equal to one another. 
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Dbxohstbatio* [11 Let the circles ABOD, EFGH, the dia- 
meters of which are AC, EG, be the bases, and KL, MN the axes, 
as also the altitudes, of equal cones and cylinders ; and let ALG, 
ENG be the cones, and AX, EO the cylinders : the bases and alti- 
tudes of the cylinders AX, EO shall be reciprocally proportional ; 
that is, as the base ABCD is to the base EFGH, so shall the alti- 
tude MN be to the altitude KL. 

Either the altitude MN is equal 
to the altitude EL, or these alti- 
tudes are not equal. First let 
them be equal ; and the cylinders 
AX, EO being also equal, and 
cones and cylinders of the same 
altitude being to one another as. 
their bases (a), therefore the base 
ABCD is equal to the base 
EFGH (b) ; and as the base ABOD 
is to the base EFGH, so is the 
altitude MN to the altitude EL. 
But let the altitudes EL, MN be 
unequal, and MN the greater of 
the two, and from MN take MP 
equal to KL, and through the 
'point P cut the cylinder EO by the plane TYS, parallel to the . 
opposite planes of the circles EFGH, RO : therefore the common 
section of the plane TYS and the cylinder EO is a circle, and 
consequently ES is a cylinder, the base of which is the circle 
EFGH, and altitude MP : and because the cylinder AX is equal 
to the cylinder EO, as AX is to the cylinder ES, so is the cylinder 
EO to the same ES (c) : but as the cylinder AX is to the cylinder 
ES, so is the base ABCD to the base EFGH (a) ; for the cylinders 
AX, ES are of the same altitude ; and as the cylinder EO is to the 
cylinder ES, so is the altitude MN to the altitude MP (d), because 
the cylinder EO is cut by the plane TYS parallel to its opposite 
planes ; therefore as the base ABCD is to the base EFGH, so is the 
altitude MN to the altitude MP: but MP is equal to the altitude 
KL: wherefore as the base ABCD is to the base EFGH, so is the 
altitude MN to the altitude KL ; that is, the bases and altitudes of 
the equal cylinders AX, EO are reciprocally proportional. 

[2.] But let the bases and altitudes of the cylinders AX, EO 
be reciprocally proportional, viz. the base ABCD to the base 
EFGH, as the altitude MN is to the altitude KL : the cylinder AX 
shall be equal to the cylinder EO. 

First, let the base ABCD be equal to the base EFGH : then, 
because as the base ABCD is to the base EFGH, so is the altitude 
MN to the altitude KL; MN is equal to KL (b); and therefore the 
cylinder AX is equal to the cylinder EO (a). 

But let the bases ABCD, EFGH be unequal, and let ABCD be 



KLKMKNT8 OF GBOMKTBY. 185 

the greater ; and because as ABCD is to the base EFGH, so is the 
altitude MN to the altitude KL ; therefore MN is greater than 
KL (b). Then, the same construction being made as before, because 
as the base ABCD is to the base EFGH, so 'is the altitude MN to the 
altitude EL; and because the altitude KL is equal to the altitude 
MP; therefore the base ABCD is to the base EFGH, as the cylin- 
der AX is to the cylinder ES (a) ; and as the altitude MN is to the 
altitude MP or KL, so is the cylinder EO to the cylinder ES: 
therefore the cylinder AX is to the cylinder ES, as the cylinder 
EO is to the same ES: whence, the cylinder AX is equal to the 
cylinder EO : and the same reasoning holds in cones. 



PROPOSITION XVI. 

Pboblbm. — In the greater of two given circles (ABCD, 
EFGH) that have the same center (K), to inscribe a polygon 
of an even number of equal sides, that shall not meet the 
lesser circle (EFGH). 

Solution. Through the center E draw 
the straight line BD, and from the'point G, 
where it meets the circumference of the lesser 
circle, draw GA at right angles to BD, and 
produce it to C; therefore AC touches the 
circle EFGH (a) : then, if the circumference 
BAD be bisected, and the half of it be again 
bisected, and so on, there must at length re- 
main a circumference less than AD \b) : let r a ) ni. 16, Cor. 
this be LD ; and from the point L draw (b) XII. Lemma 1. 
LM perpendicular to BD, and produce it 
to N ; and join LD, DN ; therefore LD is equal to DN : and be- 
cause LN is parallel to AC, and that AC touches the circle EFGH ; 
therefore LN does not meet the circle EFGH; and much less 
shall the straight lines LD, DN meet the circle EFGH ; so that if 
straight lines eoual to LD be applied in the circle ABCD from the 
point L around to N, there shall be inscribed in the circle a polygon 
of an even number of equal sides not meeting the lesser circle. 




186 ELEMENTS 07 GEOMSTBZ, 



LEMMA II. 



Theobem. — If two trapeziums ABCD, EFGH be inscribed 
in the circles, ike centers of which are the points K, L; and if 
the sides AB, DC be parallel, as also EF, HG ; and the other 
four sides AD, BC, EH, FG be all equal to one another, but 
the side AB greater than EF, and DO greater than HG ; the 
straight line KA, from the center of the circle in which the 
greater sides are, is greater than the straight line LE, drawn 
from the center to the circumference of the other circle. 

Demonstration. If it he possible, let KA be not greater than 
LE ; then KA must be either equal to it, or less than it* First, 





(a) III. 28. (6)VL2. 

let KA be equal to LE : therefore, because in two equal circles, 
AD, BC in the one, are equal to EH, FG in the other, the circum- 
ferences AD, BC are equal to the circumferences EH, FG (a) ; but 
because the straight lines AB, DC are respectively greater than 
EF, GH, the circumferences AB, DC are greater than EF, HG; 
therefore the whole circumference ABCD is greater than the whole 
EFGH ; but it is also equal to it, which is impossible ; therefore 
the straight line KA is not equal to LE. 

But let KA be less than LE, and make LM equal to KA; and 
from the center L and distance LM describe the circle MNOP, meet- 
ing the straight lines LE, LF, LG, LH, in M, N, 0, P; and join 
MN, NO, OP, PM which are respectively parallel to and less 
than EF, FG, GH, HE (b): then because EH is greater than MP, 
AD is greater than MP; and the circles ABCD, MNOP are equal; 
therefore the circumference AD is greater than MP : for the same 
reason, the circumference BC is greater than NO : and because the 
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straight line AB ii greater than EF, wM<& U greater than MN, 
much mora is AB greater than MN ; therefor e the circumference 
AB is greater than MN: and for the same reason, the circumfer- 
ence DC is greater than PO ; therefore the whole circumference 
ABCD is greater than the whole MNOP : but it is likewise equal 
to it, which is impossible ; therefore KA is not less than LE : nor 
is it equal to it ; therefore, the straight line EA must be greater 
than LB. 

Corollary, And if there be an isosceles triangle, the sides of 
which are equal to AD, BO, but its base less than AB the greater 
of the two sides AB, DC; the straight line EA may, in the same 
manner, be demonstrated to be greater than the straight line 
drawn from the center to the circumference of the circle described 
about the triangle. 



PROPOSITION XVII. 

Pboblbic. — In the greater of two given spheres which have 
the same center (A), to inscribe a solid polyhedron, the super- 
ficies of which shall not meet the lesser sphere. 

Solution. Let ike spheres be cut by a plane passing through the 
center ; the common sections of it with the spheres shall be 
circles, because the sphere is described by the revolution of a 
semicircle about the diameter remaining immovable ; so that in 
whatever position the semicircle be conceived, the common sec- 
tion of the plane in which it is with the superficies of the sphere 
is the circumference of a circle ; and this is a great circle of the 
sphere, because the diameter of the sphere, which is likewise the 
diameter of the circle, is greater than any straight line in the 
circle or sphere (a). Let then the circle made by the section of 
the plane with the greater sphere be BODE, and with the lesser 
sphere be FGH : ana draw the two diameters BD, OB at right angles 
to one another; and in BODE, the greater of the two circles, inscribe 
a potmen of an even number of equal sides not meeting the lesser 
circle TfGH (b) ; and let its sides in BE, {he fourth part of the circle, 
be BK, KL, LM, ME; join EA, and produce it toN\ and from A 
jrem AX at right angles to the plane of the circle BODE (<?), meeting 
$ke swperftcies of the sphere in the point X: and let planes pass 
tfrreufh AX, and each of the straight lines BD, KN, which, from 
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what has been mid, shall produce areat circles on the superficies of 
the sphere, aad let BXD, KXN be the semicircles thus made upon the 




(a) III. 15. 
(6) XII. 16. 
(cj XI. 12. 
((*) XI. 18. 
(c) XI. Def. 4. 



(/) I. 26. 

(n VL 2 ' 

(h) XI. 6. 
(») I. 33. 



(k) XL 9. 
(0 XI. 2. 
(m) XI. 11. 
(n) I. 47. 



diameters BD, EN: therefore, because XA is at right angles to the 
plane of the circle BODE, every plane which passes through XA 
is at right angles to the plane of the circle BODE (d) ; wherefore 
the semicircles BXD, EaN are at right angles to that plane : and 
because the semicircles BED, BXD, KXN upon the equal diame- 
ters BD, KN are equal to one another, their halves BE, BX, KX 
are equal to one another; therefore as many sides of the polygon 
as are in BE, so many are there in BX, EX, equal to the sides 
BE, EL, LM, ME : let these polygons be described, and their sides be 
BO, OP, PR, JLX; ES, ST, TY, YX; and join OS, PT, RY; and 
from the points 0, S draw OY, SQ perpendiculars to AB, AE: and 
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because the plane BOXD is at right angles to the plane BCDE, 
and in one of them BOXD, OV is drawn perpendicular to AB the 
common section of the planes, therefore OV is perpendicular to 
the plane BODE (e) : for the same reason, SQ is perpendicular to 
the same plane, because the plane ESXN is at right angles to the 
plane BCDE. Join VQ, and because in the equal semicircles 
BXD, KXN the circumferences BO, ES are equal, and OV, SQ 
are perpendicular to their diameters, therefore OV is equal to 
SQ (/), and BV equal to KQ: but the whole BA is equal to the 
whole EIA, therefore the remainder VA is equal to the remainder 
QA: therefore as BV is to VA, so is KQ to QA; wherefore VQ is 
parallel to BE (g) : and because OV, SQ are each of them at right 
angles to the plane of the circle, BCDE, OV is parallel to SQ (h) ; 
and it has been proved that it is also equal to it ; therefore QV, 
SO are equal and parallel (t) ; and because QV is parallel to SO, 
and also to KB, OS is parallel to BE (k) ; and therefore BO, KS, 
which join them, are in the same plane in which these parallels 
are, and the quadrilateral figure EBOS is in one plane : and if 
PB> TK be joined, and perpendiculars be drawn from the points P, 
T, to the straight lines AB, AE, it may be demonstrated, that TP 
is parallel to KB in the very same way that SO was shown to be 
parallel to the same KB ; wherefore TP is parallel to SO (£), and 
the quadrilateral figure SOPT is in one plane : for the same rea- 
son, the quadrilateral TPBY is in one plane: and the figure YBX 
is also in one plane (J): therefore, if from the points 0, S, P, T, 
B, Y, there be drawn straight lines to the point A, there will be 
formed a solid polyhedron between the circumferences BX, EX, 
composed of pyramids, the bases of which are the quadrilaterals 
EBOS, SOPT, TPRY, and the triangle YRX, and of which the 
common vertex is the point A : and if the same construction be 
made upon each of the sides KL, LM, ME, as has been done upon 
BE, and the like be done also in the other three auadrants, and 
in the other hemisphere, there will be formed a solid polyhedron 
inscribed in the sphere, composed of pyramids, the bases of which 
are the aforesaid quadrilateral figures, and the triangle YBX, and 
those formed in the like manner in the rest of the sphere, the 
common vertex of them all being the point A. 

Also the superficies of this solid polyhedron shall not meet the 
lesser sphere in which is the circle FGH. For, from the point A 
draw AZ perpendicular to the plane of the ouadruateral EBOS (m), 
meeting it in Z, and join BZ, ZE : and because AZ is perpendi- 
cular to the plane EBOS, it makes right angles with every straight 
line meeting it in that plane ; therefore AZ is perpendicular to 
BZ and ZE : and because AB is equal to AE, and that the squares 
on AZ, ZB are equal to the square on AB, and the squares on 
AZ, ZE to the square on AE (n) ; therefore the squares on AZ, 
ZB are equal to the squares on AZ, ZE : take from these equals 
the square on AZ, and the remaining square on BZ is equal to 
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the remaining square on ZK; and therefore the straight line BZ 
is equal to ZK: in the like manner it may be demonstrated, that 




m 



12. 
4. 



to VI. 8. 

(r) XII. I 



Lemma 2. 



(«) XII. Lemma 2, 
Cor. 



the straight lines drawn from the point Z to the points 0, S 
are equal to BZ or ZE ; therefore the circle described from the 
center Z, and distance ZB, will pass through the points K, O, S> 
and KBOS will be a quadrilateral figure in the circle: and be- 
cause KB is greater than QV, and QV equal to 80, therefore KB 
is greater than SO : but KB is equal to each of the straight 
lines BO, KS; wherefore each of the circumferences cut off bj 
KB, BO, KS is greater than that cut off by OS; and these three 
circumferences, together with a fourth equal to one of them, are 
greater than the same three together with that cut off by OS ; 
that is, than the whole circumference of the circle; therefore the 
circumference subtended by KB is greater than the fourth part 
of the whole circumference of the circle KBOS, and consequently 
the angle BZK at the center is greater than a right angle; and 
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became the angle BZE is obtuse, the square On BK if greater 
than the squares on BZ, ZK (o) ; that is, greater than twice the 
square on BZ. Join KV: and because (in the triangles KBV, 
OBV) KB, BY are equal to OB, BY. and that they contain equal 
angles, the angle KYB is equal to the angle OYB (p) : and OYB 
is a right angle ; therefore also KB Y is a right angle : and because 
BD is less than twice DV, the rectangle contained by BD, BY is 
less than twice the rectangle DVB ; that is, the square on KB is 
less than twice the square on KY (a) : but the square on KB is 
greater than twice the square on BZ ; therefore the square on 
KV is greater than the square on BZ : and because BA is equal to 
AK, and that the squares on BZ, ZA are equal together to the 
square on BA, and the squares on K V, YA to the square on AK ; 
therefore the squares on BZ, ZA are equal to the squares on 
KY, YA; and of these the square on KV is greater than the 
square on BZ ; therefore the square on YA is less than the square 
on Z A, and the straight line AZ is greater than YA : much more 
then is AZ greater than AG; because, in the preceding proposi- 
tion, it was shown that KY falls without the circle FGH: and AZ 
is perpendicular to the plane KBOS, and is therefore the shortest 
of all the straight lines that can be drawn from A, the center of 
the sphere, to that plane: therefore the plane KBOS does not 
meet the lesser sphere. 

And that the other planes between the quadrants BX, KX fall 
without the lesser sphere, is thus demonstrated. From the point 
A draw AI perpendicular to the plane of the quadrilateral 
SOPT, and join 10 ; and, as was demonstrated of the plane 
KBOS and the point Z, in the same way it may be shown, that 
the point I is the center of a circle described about SOPT ; and 
that OS is greater than PT ; and PT was shown to be parallel to 
OS: therefore, because the two trapeziums KBOS, SOPT, in- 
scribed in circles, have their sides BK, OS parallel, as also OS, PT ; 
and their other sides, BO, KS, OP, ST, all equal to one another, 
and thatBK is greater than OS, and OS greater than PT, there- 
fore the straight line ZB is greater than 10 (r). Join AO, which 
will be equal to AB ; and because AIO, AZB are right angles, the 
squares on AI, 10 are equal to the square on AO or of AB ; that 
is, to the squares on AZ, ZB; and the square on ZB is greater 
than the square on 10, therefore the square on AZ is less than 
the square on AI ; and the straight line AZ less than the straight 
line AI: and it was proved that AZ is greater than AG; much 
more then is AI greater than AG : therefore the plane SOPT falls 
wholly without the lesser sphere. In the same manner it may 
be demonstrated, that the plane TPRY falls without the same 
sphere («), as also the triangle YRX. And after the same way it 
may be demonstrated, that all the planes which contain the solid 
polyhedron, iall without the lesser sphere. Therefore! in the 
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greater of two spheres which have the same center, a solid polyhedron 
is inscribed, the superficies of which does not meet the lesser sphere. 

Scholium. The straight line AZ may be demonstrated to be greater 
than AG otherwise, and in a shorter manner, without the help of Prop. 16, 




(a) XI. b. 



(6) XL Def. 11. 



(c) XII. 8, Cor. 



as follows. From the point G draw GU at right angles to AG, and join AU. 
If then the circumference BE be bisected, and its half again bisected, and 
so on, there will at length be left a circumference less than the circumfer- 
ence which is subtended by a straight line equal to GU, inscribed in the 
circle BCDE : let this be the circumference KB ; therefore the straight line 
KB is less than GU: and because the angle BZK is obtuse, as was proved 
in the preceding, therefore BK is greater than BZ: but GU is greater than 
BK; much more then is GU greater than BZ, and the square on GU than 
the square on BZ ; and AU is equal to AB ; therefore the square on AU, that 
is, the squares on AG, GU are equal to the square on AB, that is, to the 
squares on AZ, ZB: but the square on BZ is less than the square on GU; 
therefore the square on AZ is greater than the square on AG, and the 
straight line AZ consequently greater than the straight line AG. 
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Corollary. And if in the lesser sphere there be inscribed a solid poly- 
hedron, by drawing straight lines betwixt the points in which the straight 
lines from the center of the sphere, drawn to all the angles of the solid 
polyhedron in the greater sphere, meet the superficies of the lesser, in the 
same order in which are joined the points in which the same lines from the 
center meet the superficies of the greater sphere, the solid polyhedron in the 
sphere BCDE shall have to this other solid*polyhedron, the triplicate ratio of 
that which the diameter of the sphere BCDE has to the diameter of the 
other sphere. For if these two solids be divided into the same number of 
pyramids, and in the same order, the pyramids shall be similar to one 
another, each to each : because they have the solid angles at their common 
vertex, the center of the sphere, the same in each pyramid, and their other 
solid angles at the bases, equal to one another, each to each (a), because 
they are contained by three plane angles, each equal to each; and the 
pyramids are contained by the same number of similar planes; and are 
therefore similar to one another, each to each (b) : but similar pyramids 
have to one another, the triplicate ratio of then* homologous sides (c) : 
therefore the pyramid of which the base is the quadrilateral KBOS, and 
vertex A, has to the pyramid in the other sphere of the same order, the 
triplicate ratio of their homologous sides, that is, of that ratio which AB 
from the center of the greater sphere, has to the straight line from the 
same center to the superficies of the lesser sphere. And in like manner, 
each pyramid in the greater sphere has to each of the same order in the 
lesser, the triplicate ratio of that which AB has to the semi-diameter of the 
lesser sphere. And as one antecedent is to its consequent, so are all the 
antecedents to all the consequents. Wherefore, the whole solid polyhedron 
in the greater sphere has to the whole solid polyhedron in the other, the 
triplicate ratio of that which AB the semi-diameter of the first has to the 
semi-diameter of the other; that is. which the diameter BD of the greater 
has to the diameter of the other sphere. 



PROPOSITION XVIII. 



Theorem. — Spheres have to one another, the triplicate 
ratio of that which their diameters have. 



Demonstration. Let ABC, DEF be two spheres, of which the 
diameters are BC, EF : the sphere ABO shall have to the sphere 
DEF, the triplicate ratio of that which BO has to EF. 

For if it has not, the sphere ABC must have to a sphere either 
less or greater than DEF, the triplicate ratio of that which BC 
has to EF. First, let it have that ratio to a less, viz. to the sphere 
GHE ; and let the sphere DEF have the same center with G-HK : 
and in the greater sphere DEF inscribe a solid polyhedron, the svr 

K 
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peffficia; of which dots- notmeet.tha Umr sphere GHK (a) ; oarf. in 
th*$phmvkBQv&m«k6LMi^^ that in the sphere DEE: 




(a) XET. 17: 



(5) XIL 17, Cor. 



{o)T. 14. 



therefore the solid polyhedron in. the sphere JLBG has to the solid! 
polyhedron in thet sphere DBF,, the triplicate ratio of that which. 
BGhaftto EF (^)t. But the sphere ABO hae to the sphere GHK,. 
th* triplicate* ratio of that which BG has to EF; therefore, as the 
sphere ABC is to the sphere GHE, so ism the solid polyhedron in the 
sphere ABC to the solid polyhedron in the sphere DEF: hut the 
schema ABC is greater than th» solid polyhedron in it; therefore 
also the spheres GfKEL is greater than the solid* polyhedron in the: 
sphere DEB (%)>:: but-i&iB<alsoles«i. because it is contained within 
i% which is impossible-: therefbre the sphere ABG' has not to any 
sphere less than DEF, the triplicate ratio of that which BGhas* 
to EF. In the same manner it may be demonstrated that the 
sphere DEF has not to any sphere less than ABC, the triplicate 
ratio of that which EF has to BC. Nor can the sphere ABC have 
to any sphere greater than DEF, the triplicate ratio of that which 
BC has to EF : for if it can, let it have that ratio to a greater 
sphere LMN: therefore by inwusien, the sphere LMN has to the 
sphere ABC, the triplicate ratio of that which the diameter EF 
has to the diameter BC. But as the sphere LMN is to ABC, so is 
the sphere DEF to some sphere which must be less than the 
sphere ABCT (<?), because the sphere LMN is greater than the 
sphere DEF; therefore the sphere DEF has to a sphere' less tBan- 
ABC, the triplicate ratio of that which EF has to 15C; which was 
shown to be impossible : therefore the sphere ABC has not to any 
sphere greater than DEF, the triplicate ratio of that which BC 
has- to? EF: and* ifc was demonstrated that neither has it that ratio 
to any sphere less* than DBF. Therefbre, the sphere ABC has to 
the sphere T*EF, the trvpltiatie ratio* of that which BC has to EF. 
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VI. 4. 
XL 6. 



VI. 5. . 
VI. 32. 



VI. 7. 



THEOREMS. 
0. Comparison of Triangles as to Equality. 



Hypotheses. 



If triangles are equiangular 



J£ two triangles have one 
angle in each equal, and 
the sidjes about the equal 
angle*, proportional. 

Lf two triangles have their 
sides proportional. 

If two triangles have two 
sides in the one propor- 
tional to two sides in the 
other, 

And be joined at one angle 
so as to have their homo* 
logous sides parallel to one 
another. 

Or have the angles opposite 
to one pair of the homo- 
logons sides equal; and 
those opposite to. the other 
pair, either both less, or 

, both not less than a right 
angle, 



Consequences. 



The sides, about the equal 

angles are proportionals. 
The sides which are opposite 
to the equal angles are 
homologous. 
'The triangles are equiangular, 
And have those angles equal 
which the equal sides sub- 
tend. 
They are equiangular, 
And the equal angles are sub- 
tended by the homologous 
sides. 



The remaining sides shall be 
in a straight line. 



The triangles are equian- 
gular, 

And the angles contained by 
the proportional sides are 
equal. 



K 2 
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VI. 23, cor. 1. 

i 
VI. 23, cor. 2. 

VI. 19. . . 
VI. 15. . . 

VI. 15. . . 



VI. 19, cor. 



Hypotheses. 

If triangles have an angle of 
the one equal to an angle 
of the other. 

If triangles are equiangular . 

If triangles are similar . . 

If equal triangles have an 
angle of the one equal to 
an angle of the other. 

If triangles have an angle in 
the one equal to an angle 
in the other, and their 
sides about the equal an- 
gles reciprocally propor- 
tional. 

If three straight lines be pro- 
portionals. 



Consequences. 

They are to one another as the 

rectangles under the sides 

about those angles. 
They are to one another as the 

rectangles under their bases 

and altitudes. 
They are to one another in the 

duplicate ratio of their 

homologous sides. 
Their sides about the equal 

angles are reciprocally pro - 

portional. 



They are equal to one an- 
other. 



(As the first is to the third, 
so is any triangle upon 
the first, to a similar and 
similarly-described triangle 
upon the second. 



D. On the Relations between the Bides and Angles of Triangles. 
Hypotheses. Consequences. 



VI. 81. 



If a triangle be right-angled. 



The rectilineal figure de- 
scribed upon the side oppo- 
site to the right angle, is 
equal to the similar and 
similarly-described figures 
upon the sides containing 

• the right angle. 



E. On the Relations of Lines drawn in Triangles. 



VI. 2. 



Hypotheses. 



If a straight line be parallel 
to the base of a triangle. 



Consequences. 

It cuts the other sides, or 
those sides produced, so 
that their segments be- 
tween the parallel and the 
base have the same ratio 
to their segments between 
the parallel and the ver- 
tex. 
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VI 2, cor. . • 
VL b. (p. 106). 

VI. 3 

VI. 8,' cor. . ■ 

VI. a (p. 106). 
VI. 8. . . . 

VI. 8, cor. . 
VL3. . . . 

VI. 2. . . . 



VI. A. (p. 76). 



Hypotheses. 

If several parallels be drawn 
to the base of a triangle. 



If an angle of a triangle be 
bisected by a straight line, 
which likewise cuts the 
base. • 



Idem , 



If a straight line bisects both 
the angle and base of a 
triangle. 

If from any angle of a tri- 
angle a straight line be 
drawn perpendicular to the 
base. 

If in a right-angled triangle, 
a perpendicular be drawn 
from the right angle to the 
base. 



Idem 



If a straight line drawn from 
anjr angle of a triangle 
divide the opposite side 
into segments which have 
the same ratio as the adja- 
cent sides. 

In a triangle, if the sides, or 
sides produced, be cut by 
a straight line, so that 
their segments between the 
straight line and the base 
have the same ratio as 
their segments between 
the straight line and the 
vertex. 

If an exterior angle of a tri- 
angle be bisected by a 
straight line, which also 
cuts the base produced. 



CoirSXQUENCES. 

'Every pair of corresponding 
segments in each side will 
be proportional. 

The rectangle under the sides 
of the triangle is eaual to 
the rectangle under tne seg- 
ments of tne base, together 
with the square on the 
straight line which bisects 
the angle. 

-The segments of the base 
shall have the same ratio 
which the other sides of the 
triangle have to one an- 
other. 

The triangle is isosceles. 

The rectangle under the sides 
of the triangle is equal to the 
rectangle under the perpen- 
dicular and the diameter of 
the circle described about 
the triangle. 

The triangles on each side of 
it are similar to the whole 
triangle, and to one an- 
other. 

The perpendicular is a mean 
proportional between the 
segments of the base. 

Each of the sides is a mean 
proportional between the 
base and its segment ad- 
jacent to that side. 



The straight line bisects the 
angle. 



The straight line is parallel to 
the base. 



The segments between the 
bisecting line and the ex- 
tremities of the base, have 
the same ratio to one an- 
other as the other sides of 
the triangle have. 
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YLjL.(p.76). 



VL.A,cor. 
(p.76). 



Hypotheses. 

If *'Stroigbt line drawn irom 
►the 'vertex of b triangle 
4uts the base produced, bo 
Ahafc its segments have the 
«amexatio which the other 
sidesttif the triangle have. 

If both the exterior "angle 
and the adjacent interior 
ttogle of a triangle be bi- 
sected by 'Straight lines 
fflhichottttthe base and its 
^production. 



Consequences. 



The straight line bisects the 
exterior angle of the triangle. 



"The "base thus produced is 
harmonically divided. 



F. Comparison of Parallelograms with Triangles. 

Hypotheses. Consequences. 



KLJL. . . . 

VI..l,,car. 1. . 

<VaU,c<nr..2. . 

V*. l,*c«r.-8. ... 



if triangles land parallel- 
QgwniB have the same alti- 
toute. 

If triangles iand jpavafiel- 
ograms have equal alti- 
toxties. 

If [triangles and paraHeT- 
lOgiams.have equal bases. 

If isaithar the SbasesJior -atti- 
tudes of triangles and pa- 
wOlaloarams are equal. 



They are to one another as 
their bases. 



ftFhey 'are *to one another 'as 
[ their altitudes. 

ftThey «are to one another in 
the oumpotmd ratio of their 
bases and altitudes. 



<G. Comparison of Parallelograms as to ISqualtiy. 

J£YPOTtHESES. Consequences. 



VI. 23, cor. 2. 

VI. 23. . . 
VI. 14. . . 

VI. 14. . . 

VI. 24. • . 
VI. 26. . , 



If parallelograms are equi- 
angular. 

Idem ......... 

If equal parallelograms haw 
an angle of the one equal 
to an angle of (the other. 

If parallelograms have an 
angle of the one equal tto 
an angle of the other, and 
their sides, about the- equal 
angles reciprocally propor- 
tional. 

If parallelograms are about 
the diameter of >anypa*al-' 
telegram. 

If two similar parallekgiam* 
hamacommon a*gle,mnd 
ie siniilarry • situated. 



They -are to one another *as 
the rectangles under their 
'bases and altitudes. 

They have to one another the 
ratio which is compounded 
of the ratios of their sides. 

Their sides about the equal 
angles are reciprocally pro- 
portional. 



They are equal to one an- 
other. 



They are similar to the whole 
and to one another. 

They are, about the same dia- 
meter. 
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I. Comparison of Rectangles icontained byj&raigkt Lines and their 
Segments. 

Hypotheses. Consequences. 



TO. 17. . 

VL 16. . 

VI. 17. . 

VI. IB. . 



VL2Q. 



VI. 20, cor. 3. 
TI.21. • . 



VI. 22. 
VXK. 



If three straight Hnes T>e 
proportionate. 



If four straight lines be pro- 
portionals. 

If in three straight lines the 
rectangle under -the ex- 
tremes is equal in area to 
the square on the mean. 

If in four straight line* the 
rectangle runder the ex- 
tremes be equal in area to 
the rectangle under the 
means. 

SL 'Of Pok/yons. 
Hypotheses. 



if polygons are similar . . 



VXaO,cor. 2. . 



Idem 

Jf rectilineal figures are simi- 
lar to tbe same rectilineal 
figure. 



If three straight lines be 
proportionate. 



If four straight .lines be pro- 
portionals. 

If the similar rectilineal 
figures similarly-described 
upon four straight lines be 
proportionals. 



The rectangle under the ex- 
tremes is equal in area 
to the square on the 
mean. 

The rectangle under the ex- 
tremes is equal in area to 
the rectangle under the 
means. 

The lines are proportionals. 



■The lines are proportionals. 



Consequences. 

r Theym«y be divided into the 
•same number of similar 
triangles, having the same 
ratio to one another that 
the polygons have. 

The polygons have to one 
another the duplicate-ratio 
of that which their homo- 
logous sides have. 
.Their perimeters are as their 

. -homologous sides. 

Thev are similar to one an- 
other. 

As the first is to the third, so 
is any rectilineal figure 
upon the .first to a similar 
and similarly -de scribed rec- 
tilineal figure upon the 
second. 

The similar rectilineal figures 
similarly - described upon 
them shall also be propor- 
tionals. 

The lines shall also be pro- 
portionals. 
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XII. 2. 



L. Relative to Circle* generally. 

Hypotheses. Consequences. 



If figures are circles , 



(They are to one another as 
the squares on their dia- 
meters. 



VL 33. , • 



P. On the Angles in a Circle. 
Hypotheses. Consequences. 



If angles are in equal circles. 



f Whether at the centers or 
circumferences, they have 
the same ratio which the 
circumferences on which 
they stand have to one 
another. 



VI 27. 



IV. 4, cor. 2. . 

IV. 4, cor. 1. . 
IV. 7, cor. . . 
VI. d. (p. 107). 



XI. Lem. 2. 
(p. 186). 



S. Relative to Inscribed Figwres. 

Hypotheses. Consequences. 



If a parallelogram be con- 
structed on the half of on* 
of the sides of a triangle in 
which it is inscribed. 



If a circle is inscribed in a 
triangle. 



If straight lines bisect the 
three angles of a triangle. 

If a square is circumscribed 
about a circle. 

If a rectangle be contained 
under the diagonals of a 
quadrilateral figure in- 
scribed in a circle. 

If two trapeziums be in- 
scribed in circles; and if 
two of the sides of each be 
parallel to each other; and 
the other four sides be all 
equal to one another, but 
the parallel sides of out 
greater than the parall 
sides of the other, each to 
each. 



It is the greatest parallel- 
ogram which can be in- 
scribed in the triangle. 

The triangle is equal in area 
to the rectangle under 
the radius of the circle, 
and half the sum of 
the three sides of the tri- 



. They meet in the center of 

L the inscribed circle. 

fit is equal in area to twice the 
\ square inscribed in the circle. 

] It is equal to both the rectan- 
L gles contained by its oppo- 
site sides. 



The straight line drawn from 
the center to the circum- 
ference of the circle in 
which the greater sides are, 
is greater than the straight 
line similarly drawn in the 
other circle. 
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IV. 5 a. . . . 


XII. 1. . . . 


IV. 11, cor. . . 


IV. 11, cor. . . 


IV. 5b. . . . 


IV. 15, cor. . . 



Hypotheses. 



If a rectilineal figure be 
equilateral and equian- 
gular. 

If similar polygons are in- 
scribed in circles. 

If an equiangular figure is 
inscribed in a circle. 

If an equilateral figure is 
inscribed in a circle. 



If any equilateral and equi- 
angular rectilineal figure 
be inscribed in a circle. 



If a hexagon be inscribed in 
a circle. 



Consequences. 

'It may have one circle cir- 
cumscribed about it, and 
another inscribed in it 

And the same point is the 
center of both ciroles. 

They are to one another as the 
squares on their diameters. 

It is equilateral. 

It is equiangular. 

Tangents to the circle drawn 
through the angular points, 
will form an equilateral 
and equiangular figure of 
the same number of sides, 
circumscribed about the 
circle. 
f The radius of the circle is equal 
\ to the side of the hexagon. 



T. Of the Multiples of Magnitudes. 



XII. Lem. 1. 
(p. 160). 


V.5 


V.6. . . . . 


V. 1. • • • . 


V.a(p.84). . 



Hypotheses. 

If from the greater of two 
unequal magnitudes, there 
be taken more than its 
half, and from the remain- 
der more than its half, and 
so on. 

If one magnitude be the same 
multiple of another, which 
a part taken from the first 
is of a part taken from the 
other. 

If two magnitudes be equi- 
multiples of two others, 
and if equimultiples of 
these be taken from the 
two first. 

If any number of magnitudes 
be equimultiples of as 
many others, each of each. 

If the first be the same mul- 
tiple or submultiple of the 
second that the third is of 
the fourth. 



Consequences. 



There shall at length remain 
a magnitude les*s than the 
least of the proposed mag- 
nitudes. 

I The first remainder is the 
I same multiple of the second 
| that the first magnitude is 
| of the second. 

The remainders are either 
equal to these others, or 
equimultiples of them. 

What multiple soever any one 
of the first is of its part, 
the same multiple shall all 
the first magnitudes taken 
together, be of all the others 
taken together. 

The first is to the second as 
the third is to the fourth. 

E 3 
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V. D. (p. 36). 
V.3. . . . 



V.2. 



Hypotheses. 

If the first be to the second as 
the third to the fourth, and 
if the first he a multiple or 
submultiple of the second. 

If the first be the same mul- 
tiple of the second which 
the third ia of the fourth, 
and if of the first and 
third there be taken equi- 
multiples. 

If the first magnitude be the 
samemmitiple of the second 
that tae third is of the 
fourth, and the fifth the 
same multiple of the second 
that the sixth is of the 
fourth. 



Consequences* 



The third is the same multiple 
orsoJNmdtiple of the fourth. 



These shall be equimultiples, 
the one of the second, and 
the other of the fourth. 



Then shall the first, together 
with the fifth, be the same 

■ multiple of the second, that 
the third, together with the 
sixth, is of the fourth. 



V.B.(p.33). . 


V.e. (p. 53). . 


V.16 


V. 25. . . • . . 


V.4 


V.4,cor. . . 


V.18. . . . . 


V.H.. . . 



V. Of the Ratios of Magnitudes. 

Hypotheses. Consequences. 



If four magnitudes are pro- 
portionals* 

Idem ' 

If four magnitudes of the 
same kind be proportionals. 

Idem 



If the first of four magni- 
tudes has the same ratio to 
the second which the third 
has to the fourth. 



Idem. 



And if the first be greater 
than the third. 



{They are proportionals also 
when taken inversely. 
(They are also proportionals 
by conversion. 
{They are also proportionals 
when taken alternately. 

The greatest and least of them 
together are greater than 
the other two together. 

Then any equimultiples what- 
ever of the first and third 
shall have the same ratio to 
any equimultiples of the 
second and fourth. 

Any equimultiples whatever 
of the first and third shall 
have the same ratio to the 
second and fourth; and in 
like manner, the first and 
the third shall have the 
same ratio to any equi- 
multiples whatever of the 
second and fourth. 

The first and second together 
shall be to the second as the 
third and fourth together to 
the fourth. 

The second shall be greater 
than the fourth ; and if 
equal, equal ; and if less, 
leas. 



THE ELEMEXTS OF GEOMETRY. 



20G 



V.4.(p.3S). 
V.24.. . . 



V. 24, oor. 1. 
V.IS. . . . 

V. 18, car- . 



V.12. 

V.17. 
V.1& 



V. 19, car. 

V.15.. . 
V.I. . . 



Hypotheses. 



Or if the first be greater than 
the second. 

If the first have to the second 
the same ratio which the 
third has to the fourth, and 
the fifth to the second the 
same ratio which the sixth 
has to the fourth. 



Idem . 



If the first has to the second 
the same ratio which the 
third has to the fourth, but 
the third to the fourth a 
greater ratio than the fifth 
has to the sixth. 

If the first has a greater 
ratio to the second than 
the third has to the fourth, 
but the third the same 
ratio to the fourth which 
the fifth has to the sixth. 



If any number of magni- 
tudes be proportionals. 



If magnitudes, taken jointly, 
be proportionals. 

If a whole magnitude be to 
a whole as a magnitude 
taken from the first is to a 
magnitude taken from the 
other. 



Idem . 



If magnitudes have a ratio 
to one another. 

If magnitudes have the same 
ratio to the same magni- 
tude. 



Consequences. 

fThe third is also greater 
J than the fourth ; and 
1 if equal, equal ; if less, 
I less. 

The first and fifth together 
shall have to the second, 
the same ratio which the 
third and sixth together 
have to the fourth. 

The difference of the first 
and fifth shall bo to the 
second as the difference of 
the third and sixth, is to 
the fourth. 



The first shall also have to the 
second a greater ratio than 
the fifth has to the sixth. 



The first has a greater ratio 
to the second than the fifth 
has to the sixth. 

f As one of the antecedents 
is to its consequent, so 
shall all the antecedents 
taken together be to all 
the consequents taken to- 
gether. 
t They shall also be proportion- 
1 als when taken separately. 

IThe remainder shall be to the 
remainder as the whole is 
to the whole. 

IThe remainder shall be to 
the remainder as the mag- 
nitude taken from the first 
is to that taken from the 
other. 
/ Their equimultiples have the 
I Bame ratio. 

[•They are equal to one another. 
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V.20. 



V.21. 



V.22. 



V.23. 



V.7. . . . 
V.8. . . . 

V. 10. . . . 

V.ll. . . . 
V. f. (p. 68). 

V.G.(p.64). . 
V.H.(p.66). . 



Hypotheses. 

If there be three magnitude 
and other three, which, 
taken two and two, hav 
the same ratio, then if the 
first be greater than the 
third. 

If there be three magnitudes, 
and other three, which ha 1 
the same ratio taken two 
and two, but in a crcfj 
order, then, if the first 
magnitude be greater than 
the third. 

If there be any number of 
magnitudes, and as many 
others, which, taken two 
and two in order, have the 
same ratio. 

If there be any number of 
magnitudes, and as many 
others, which, taken ti ■ 
and two, in a cross order, 
have the same ratio. 

If magnitudes are equal . . 

If two magnitudes are un- 
equal. 

If a magnitude has a great 
ratio than another has to 
the same magnitude. 

If ratios are equal to the 
same ratio. 

If ratios are compounded or 
the same ratios. 



If several ratios be the same 
with several ratios, each to 
each. 



If a ratio compounded of 
several ratios be the same 
with a ratio compound od 
of any other ratios, and if 
one of the first ratios, or a 
ratio compounded of any of 
the first, be the same with 
one of the last ratios, 
with the ratio compounded 
of any of the last. 



Consequences. 



The fourth shall be greater 
than the sixth ; and if 
equal, equal ; and if less, 
less. 



The fourth shall be greater 
than the sixth ; and if equal, 
equal; and if less, less. 



The first has to the last of the 
first magnitudes the same 
ratio which the first has 
to the last of the others. 

The first has to the last of 
the first magnitudes the 
same ratio which the first 
has to the last of the others. 

r They have the same ratio to 

the same magnitude. 
The greater has a greater 
ratio to any other magni- 
tude than the less has. 

■It is the greater of the two. 

'They are equal to one an- 

i other. 

( They are the same with one 

I another. 
Tin- ratio which is com- 
pounded of ratios which 
are the same with the first 
ratios, each to each, is the 
sutne with the ratio com- 
pounded of ratios which 
are the same with the other 
ratios, each to each. 

Then the ratio compounded 
of the remaining ratios of 
the first, or the remaining 
ratio of the first, if but one 
remain, is the same with 
the ratio compounded of 
those remaining of the last, 
or with the remaining ratio 
of the last. 
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V.K.(p.67). . 



Hypotheses. 

If there be any number of 
ratios, and any number of 
other ratios such that the 
ratio compounded of ratios* 
which are the same with 
the first ratios, each to each , 
is the same with the ratio 
compounded of ratios which 
are the same, each to each, 
with the last ratios; and if 
one of the first ratios, or 
the ratio which is com- 
pounded of ratios which 
are the same with several 
of the first ratios, each Co 
each, be the same with one 
of the last ratios, or with 
the ratio compounded of 
ratios which are the uime, 
each to each, with several 
of the last ratios. 



Consequences. 



Then the ratio compounded 
of ratios which are the same 
with the remaining ratios 
of the first, each to each, 
or the remaining ratio of 
the first, if but one remain, 
is the same with the ratio 
compounded of ratios which 
are the same with those 
remaining of the last, each 
to each, or with the re- 
maining ratio of the last. 



W. Of the Relatione of Lines to Planes. 



XI. 1.. 
•XL 18. 
XL 4.. 

XL 18. 

XI. 2.. 
XI. 6.. 

XI. 7.. 
XL 8. . 



Hypotheses. 

If one part of a straight line 
is above a plane. 

If a straight line be at right 
angles to a plane. 

If a straight line stand at 
right angles to each of two 
straight lines, in the point 
of their intersection. 

If two straight lines be drawn 
from a given point either in 
or above a plane. 

If two straight lines cut one 
another. 

If two straight lines be at 
right angles to the same 
plane. 

If two straight lines be pa- 
rallel. 

And one of them is at right 
angles to a plane. 



Consequences. 

]• Another part cannot be in it. 

Every plane which passes 
through it shall be at right 
angles to that plane. 

It shall also be at right angles 
to the plane which passes 
through them. 

.They cannot both be at right 
angles to it. 

/They are in one plane. 

-They shall be parallel to one 

another. 
The straight line drawn from 
any point in the one to any 
point in the other, is in the 
same plane with the paral- 
lels. • 
/ The other shall also be at ngh 
l angles to the same plane. 
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XL 9. 



XI. 10. 



XI. 2. 
XI. 2. 



XL 35. 



XL 85, oar. 



Hypotheses. 

If two straight lines are each 
of them parallel to the 
same straight line, and not 
in the same plane with it. . 

If two straight lines meeting 
one .another be parallel to 
two ^others that meet one 
another, and are not in the 
same .plane with 'the first 
two. 

If three straight lines meet 
one another. 

If three straight Hoes meet 
all in .one ;pomt, and a 
straight line stand at right 
angles to each of them in 
that point. 

If from the vertices 'of two 
equal plane angles, there 
be drawn two straight lines, 
elevated above the planes 
in which the angles are, 
and containing equal angles 
with the sides of those an- 
gles, each to each ; and if in 
felines above the-pknes 
there be taken any points, 
and from them perpendi- 
{onlars be drawn to the 
planes in which the first- 
named angles rare; -and. 
from the points in which 
•they meat the planes 
straight lines be drawn to 
the vertices of the angles 
first-named. 

ff from the [vertices of two 
equal plane angles, there be 
elevated two equal straight 
lines, containing equal an- 
gles with the:sidfis of the 
angles, each to each. 



Consequences. 



t'Theyai 
| other. 



are parallel to one an- 



The first two and the other 
two shall contain equal an- 



} They are in one plane. 



[.These three straight lines are 
in oneand the same plane. 



These straight lines shall con- 
'lain equal angles with the 
straight lines which are 
above the planes of the 



The perpendiculars drawn 
from the extremities of 
the equal straight lines 
to the planes of thenrst 
angles, are equal to one 
another. 



XL 3. . 
XI. 19. 



X Of the Rdoiims of Plants toxme another. 

Hypotheses. 'Consequences. 



If (two rplanes cut one an- 

another. 
If two planes which cut one 

another be each of them 

perpendicular to a third 

plane. 



} Their common section is 4 
straight line. 

Their common section shall 
■ be .perpendicular to the 
same plane. 
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XL 14. 

XL 17. 
SL16. 



XL«. 



XL 16. 
XLJ2. 



Hypotheses. 

If the same straight line is 
perpendicular to each of 
two planes. 

If two straight lines be cut 
by parallel planes. 

If i two straight lines meeting 
one another be parallel to 
-two other straight lines 
which meet one another, 
but are not in the same 
plane -with the first two. 

If a plane be perpendicular 
to another plane, and a 
straight line be drawn from 
■a point in one of the planes 
perpendicular to the other 
plane. 

If two parallel planes he out 
by another plane. 

If every two of three plane 
angles be greater than the 
third, and if the straight 
lines which contain .them 
lie all equal. 



Consequences. 



They are parallel to one an- 
other. 

• They shall be cut in the same 
J' ratio. 

The plane which passes 
through these is parallel to 
the plane passing through 
the others. 



This straight line shall fall 
- on the common section of 
the planes. 

\ Their common sections with 
> it are parallels. 

1A triangle may be made of 
the straight lines that join 
the extremities of those 
equal straight lines. 



T. Of Solid. Angles. 



XI.S1. . . . 
XL 20. . . . 
XI. jl (p. 134). 

XL *..(p. 135). 



Hypotheses. 



If an angle is a solid angle . 

If a solid angle .be contained 
.by three plane angles. 

If each of two solid angles 
be contained by three plane 
angles, which are equal* to 
one another, each to each. 

If two solid angles be con- 
tained, each by three plane 
angles, which are equal to 
one another, each to each, 
and alike situated. 



Consequences. 

It is contained by plane an- 
gles which together are less 
than four right angles. 

f Any two of them are greater 

' i than the third. 

The planes in which the equal 
angles are, have the same 
inclination to one another. 



.These solid angles .are equal 
to one another. 
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XL 86. 



XI. 37. 



XI. 38, cor. 



XI. 83. . . . 


XL 32. . . . 


XL 31. . . . 
XI. 7, cor. 2. . 


XI. 82, cor. . . 
XI. 34. . . . 


XL 40. . . . 



XL 24. . . 
XL c. (136). 



Z. Of Solid Figures. 
Hypotheses. 



If three straight lines be pro- 
portionals. 



If four straight lines be pro- 
portionals. 



If four straight lines be con- 
tinual proportionals. 



If solid parallelopipeds are 
similar. 

If solid parallelopipeds have 
the same altitude; 

And are upon equal bases . 

If prisms are of equal alti- 
tudes; 

And are upon triangular bases 

If solid parallelopipeds are 
eaual. 

If there be two triangular 
prisms of the same altitude, 
the base of one of which is 
a parallelogram, and the 
base of the other a trian- 
gle: if the parallelogram 
be double of the triangle. 

If a solid be contained by six 
planes, two and two of 
which are parallel. 

If solid figures are contained 
by the same number of 
equal and similar planes 
alike situated, and having 
none of their solid ancles 
contained by more than 
three plane angles. 



Consequences. 



The solid parallelopiped de- 
scribed from all three, as its 
sides, is equal to the equi- 
lateral parallelopiped de- 
scribed from the mean pro- 
portional, one of the solid 
angles of which is contained 
by three plane angles equal, 
each to each, to the three 
plane angles containing one 
of the solid angles of the 
figure. 

'The similar solid parallel- 
opipeds similarly described 
from them shall also be 
proportionals. 

As the first is to the fourth, 
so is the solid parallelopiped 
described from the first 
to the MwnlflT solid simi- 
larly described from the 
second. 

{They are to one another in the 
triplicate ratio of their ho- 
mologous sides. 
/They are to one another as 
i their bases. 
They are equal to one another. 

riey are to one another as 
their bases. 
Idem. 

| Their bases and altitudes are 
reciprocally proportional. 



The prisms shall be equal to 
one another. 



The opposite planes are simi- 
lar and equal parallel- 



ograms. 



They are equal and similar 
to one another. 



THE ELEMENTS OF GEOMETBY. 



209 



XL d. (p. 148). 
XL 29 and 80. . 



XL 25. . . 

XL 2a . . 

XL 89. . . 

xn.7. . . 

xn.8. . . 



xn.8. 



XII.8, cor. . 

xn.5. . . 



XII. 6. 

xn.9. 



XII. 9. 



Xn. 7, cor. 1. 



Hypotheses. 

If solid parallelopipeds are 
contained by parallel- 
ograms equiangular to one 
another, each to each. 

If solid parallelopipeds are 
upon the same base, and of 
the same altitude, whether 
their insisting straight lines 
are terminated in trie same 
straight lines in the plane 
opposite to the base, or 
not. 



If a solid parallelopiped be 
cut by a plane parallel to 
two of its opposite planes. 



If a solid parallelopiped be 
cut by a plane passing 
through the diagonals of 
two of the opposite planes. 

In a solid parallelopiped, if 
the sides of two of the op- 
posite planes be divided, 
each into two equal parts. 



If a prism has a triangular 
base. 



If a pyramid has a triangular 



If pyramids are similar, and 
have triangular bases; 

Or have multangular bases. 

If pyramids of the same 
altitude have triangular 
bases; 

Or have polygonal bases. 

If triangular pyramids are 
equal. 

If the bases and altitudes of 
triangular pyramids are 
reciprocally proportional. 

If a solid is a pyramid . . . 



Consequences. 

They have to one another the 
ratio which is the same with 
the ratio compounded of the 
ratios of their sides. 



They are equal to one an- 
other. 



It divides the whole into two 
solids, the base of one of 
which shall be to the base 
of the other, as the one 
solid is to the other. 

It shall be cut into two equal 
parts. 

The common section of the 
planes passing through the 
points of division, and the 
diameter of the solid paral- 
lelopiped, cut each other 
into two equal parts. 

It may be divided into three 
pyramids that have tri- 
angular bases, and are equal 

; to one another. 

It may be divided into two 
equal and similar pyramids 
having triangular bases, and 
which are similar to the 
whole pyramid ; and into 
two equal prisms which 
together are greater than 
half of the whole pyramid. 

They are to one another in the 
triplicate ratio of that of 
their homologous sides. 

They are to one another as 
their bases. 

( Their bases and altitudes are 
I reciprocally proportional. 

}They are equal to one an- 
other. 

{It is the third part of a prism 
which has the same base 
and altitude. 
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XIL.* . 



XII. 12. 

XH.1L 
XII. 15. 
Xn. 15. 



XIL10. 



xn.ia. 



xn. 18. 



XHG. 17, cor. 



Hypotheses. 

If tharo.be two- pyramid** erf 
, the same attitude upon tri- 
angular bates* and each; of. 
tbam.be divided into, two 
equal pyramids: similar to 
the wnolei pyramid, and. 
also into two: eqnal.prisms; 
and if each of these pyra- 
mids bftdividedin the same- 
manner aa the- first two, 
and so on. 

If: cones, and cylinders are 
similar.. 

If cones-and cylinders am: of 

the same altitude. 
If cones and cylinders- are 

equal. 
If the bases ami altitudes of 

cones and cylinders ben 

ciprocaily proportional. 
If cones and cylinders are. 

upon equal bases. 



If a.solid is a cone.- . . . 

If a cylinder be: cut' by a 
plane parallel to its oppo- 
site planes, or bases. 

If solids are spheres . . . 

If in th& lesser of two con- 
centric spheres there be in- 
scribed a solid polyhedron, 
by drawing straight lines 
betwixt the points in which 
the straight lines from the 
center of the spheres, 
drawn to all the- angles of 
the solid polyhedron/in. the 
greater sphere, meet the 
superficies of the lesser, in 
the same order in which 
are- joined the points in 
which the same lines from 
the center meet the super- 
ficies of the greater sphere. 



Consequences. 



As the base of one of the first 

i two pyramids is to the base 

of the other, so shall all the 

prisms in one of them be to 

all the prisms in the other, 

i that, are produced by the 

number of divisions. 



f.They a 
I their 



They have to' one another the 
triplicate ratio of that which 
the diameters of their bases 
hare. 

are: to one another as 
their bases* 
/Their bases and altitudes are 
*• reciprocally proportional. 

}They are equal to one an- 
other. 

f They are to one another as 
V their altitudes. 

His the third part of a cylin- 
der which has the same 
base and altitude. 

It divides the cylinder into 
two cylinders, one of which 
is to the other as the axis 
of the first is to the axis of 
the other. 

They have to one another the 
triplicate ratio of that which 
their diameters have. 



The aplid polyhedrons shall 
have to one another the 
triplicate ratio of the dia- 
meters of their circum- 
scribing spheres. 
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PRQBLEMa 



EL 11. 

XL 13. 

VL9:. 

VLlOi 

VI. W. 
VL28. 



VI. 13. 

VI. 11. 
VI. 12. 
▼Lift 



A. RdcEttng-to Straight Lima 

To dttrw a straight line perpendicular to- a plane, from a 
given point above it. 

To draw a straight* line at right angles to a given plane, 
from a point given in that plane. 

From a given finite straight line to cut off any required 
part. 

To divide a given- straight line similarly to a given divided 
straight line. 

To out s given straight line in extreme and mean ratio. 

To divide a given straight line into two parts, such that 
parallelograms of equal altitude may be constructed 
upon them, one equal to a given rectilineal figure, and 
the other similar to a given parallelogram / the rectili- 
neal figure not being greater than the parallelogram 
constructed on half the given line, and similar to the 
given parallelogram. 

To find a mean proportional between two given straight 
lines. 

To find a third proportional to two given straight lines. 

To find a fourth proportional, to three given straight lines. 

To produce a given straight line so that a parallelogram 
similar to a given one being constructed on the produced 
part, another parallelogram of equal altitude constructed 
on the whole line produced, may be equal to a given 
rectilineal figure. 



IV. 10, cot 3. 



B. Relating to Rectilineal Angles. 
. I To divide a given.rigkt angle into five equal parts. 



C. Relating to Triangles. 

IV. 10. ... I To construct an isosceles triangle, in which each of the 
angles at the base shall be double of the angle opposite 
I to the same. 



IV. 1. 



IV. 4. . . 

rv.5. . . 

IV. 2. . . 



F. Relating, to Inscribed Figures. 

In a given circle to inscribe a straight line equal to a given 
straight line, which i3 not greater than the diameter of 
the circle. 

To inscribe a circle in a given triangle. 

To circumscribe a circle about a given triangle. 

In a given circle to inscribe a triangle equiangular to a 
gjven t—' — '" 
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IV. 3. 

IV. 8. 
IV. 6. 
IV. 9. 
IV. 7. 
IV. 13. 

IV. 14. 

IV. 12. 

IV. 11. 

IV. 15. 

IV. 16. 

XII. 16 



About a given circle to circumscribe a triangle equiangular 

to a given triangle. 
To inscribe a circle in a given square. 
To inscribe a square in a given circle. 
To circumscribe a circle about a given square. 
To circumscribe a square about a given circle. 
To inscribe a circle m a given equilateral and equiangular 

pentagon. 
To circumscribe a circle about a given equilateral and 

equiangular pentagon. 
To circumscribe an equilateral and equiangular pentagon 

about a given circle. 
To inscribe an equilateral and equiangular pentagon in a 

given circle. 
To inscribe an equilateral and equiangular hexagon in a 

given circle. 
To inscribe an equilateral and equiangular quindecagon in 

a given circle. 
In the greater of two given circles that have the same 

center, to inscribe a polygon of an even number of equal 

sides, that shall not meet the lesser circle. 



VI. 18. 
VI. 25. 



G. Relating to Polygon*. 

On a given straight line to construct a rectilineal figure 
similar, and similarly situated to a given rectilineal figure. 

To construct a rectilineal figure which shall be similar to 
one, and equal to another given rectilineal figure. 



XL 23. 



XI. 26. 



H. Relating to Solid Angles. 

To make a solid angle which shall be contained by three 
given plane angles, any two of them being greater than 
the third, and all three together less than four right 
angles. 

At a avenpoint in a given straight line to make a solid 
angle equal to a given solid angle contained by three 
plane angles. 



XI. 27. 

XII. 17. 



I. Relating to Solid Figures. 

To describe, from a given straight line, a solid parallel- 
opiped similar and similarly situated to one given. 

In the greater of two given spheres which have the same 
center, to inscribe a solid polyhedron, the superficies of 
which shall not meet the lesser sphere. 
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V.D.(p.8€). . 
V.3 



V.2. 



V. b. (p. 33). 

V. e. (p. 53). 
V.16. . . . 



V. 25. . 



V.4. 



V. 4, cor. 



V.18.. 



V.H.. 



Hypotheses. 

If the first be to the second as 
the third to the fourth, Hid 
if the first be a multiple or 
submultinle of the second* 

If the first be the same mul- 
tiple of the second which 
the third is of the fourth, 
and if of the first imd 
third there be taken eoxri- 
multiples. 

If the first magnitude be the 
same multiple of thi second 
that tiie third is of the 
fourth, and the fifth the 
same multiple of the second 
that the sixth is of the 
fourth. 



Consequences. 



The third is the same multiple 
or fokmultiple of the fourth. 



These shall be equimultiples, 
the one of the second, and 
the other of the fourth. 



Then shall the first, together 
with the fifth, be the same 
multiple of the second, that 
the third, together with the 
sixth, is of the fourth. 



V. Of the Bairn of Magnitudes. 

Hypotheses. Consequences. 



If four magnitudes are pro- 
portionalSk 

Idem * 

If four magnitudes of the 
same kind be proportionals. 

J/JtKm ......... 



If the first of four magni- 
tudes has the same ratio to 
the second which the third 
has to the fourth. 



Idem. 



Idem. 



And if the first he greater 
than the third. 



/■They are proportional* also 
\ when taken inversely, 
j They are also proportionals 
\ byconversion. 
fThcy are also proportionals 
I when taken alternately. 
Th* greatest and least of them 
together are greater than 
the other tiro together, 
1 Then any equimultiples what- 
ever of the first and third 
shall have the same ratio to 
any equimultiples of the 
second an J fourth. 
Any equimultiples whatever 
of the first and third shall 
have the same ratio to the 
second and fourth ; and in 
]ike manner, the first and 
the third shall have the 
same ratio to any equi- 
multiples whatever of the 
second and fourth. 
The first and second together 
shall be to the second as the 
third an-l fourth together to 
the fourth. 
The second shall be greater 
than the fourth ; and if 
equal, equal ; and if less, 



MATHEMATICS FOR PRACTICAL MEN. 



CHAPTER VI.— Conic Sections. 

Sect. 

1. Definitions. 

2. Properties of the Ellipse. — Problems 

relating to the Ellipse. 

3. Properties of the Hyperbola. — Pro- 

blems relating to the Hyperbola. 

4. Properties of the Parabola. — Problems 

relating to the Parabola. 



CHAPTER VII.— Properties of 
Curves. 
Skct. 

1. Definitions. 

2. The Conchoid. 

3. The Cissoid. 

4. The Cycloid and Epicycloid. 

5. The Quadratrix. 

6. The Catenary.— Tables of RelaMr 

of Catenarian Curves. 



PART II.— MIXED MATHEMATICS. 



CHAPTER I.— Mechanics in General. 

CHAPTER II.— Statics. 

1. Statical Equilibrium. 

2. Center of Gravity. 

3. General application of the Principles 

of Statics to the Equilibrium of 
Structures. — Equilibrium of Piers 
or Abutments. — Pressure of Earth 
against Walls.— Thickness of Walls. 
— Equilibrium of Polygons. — Sta- 
bility of Arches. — Equilibrium of 
Suspension Bridges. 

CHAPTER III.— Dynamics. 

1. General Definitions. 

2. On the General Laws of Uniform and 

Variable Motion. — Motion uniformly 
Accelerated. — Motion of Bodies un- 
der the Action of Gravity. — Motion 
over a fixed Pulley. — Motion on 
Inclined Planes. 

3. Motions about a fixed Center, or Axis. 

— Centers of Oscillation and Per- 
cussion. — Simple and Compound 
Pendulums. - Center of Gyration, 
and the Principles of Rotation. — 
Central Forces. — Inquiries connected 
.with Rotation and Central Forces. 

4. Percussion or Collision of Bodies in 

Motion. 

5. On the Mechanical Powers. — Levers. 

— Wheel and Axle. — Pulley. — In- 
clined Plane.— Wedge and 8ciw. 



CHAPTER IV.— Hydrostatics. 

1. General Definitions. 

2. Pressure and Equilibrium of Kc 

elastic Fluids. 

3. Floating Bodies. 

4. Specific Gravities. 

5. On Capillary Attraction. 

CHAPTER V.— Hydrodynamics 

1. Motion and Effluence of Liquids. 

2. Motion of Water in Conduit Pip 

and Open Canals, over Weirs, &.&- 
Velocities of Rivers. 

3. Contrivances to Measure the Veloci 

of Running Waters. 

CHAPTER VI.— Pneumatics. 

1. Weight and Equilibrium of Air ai 

Elastic Fluids. 

2. Machines for Raising Water by tl 

Pressure of the Atmosphere. 

3. Force of the Wind. 

CHAPTER VII.— Mechanical Agent 

1. Water as a Mechanical Agent 

2. Air as a Mechanical Agent — Co: 

lomb's Experiments. 

3. Mechanical Agents depending upc 

Heat The Steam Engine.— Tab 
of Pressure and Temperature 
Steam.— General Description of J 
Mode of Action of the Steam. T 
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V.20. 



V.21. 



V.22. 



V.23. 



V.7. 



V.8. 



V.10. 



V.ll. 



V. f. (p. 63). 



V. g. (p. 64). 



V. h. (p. 65). 



Hypotheses. 

If there be three magnitude 
and other three, which, 
taken two and two, have 
the same ratio, then if tin 
first be greater than the; 
third. 

If there be three magnitudes, 
and other three, which have 
the same ratio taken two 
and two, but in a cross 
order, then, if the first 
magnitude be greater than 
the third. 

If there be any number of 
magnitudes, and as many 
others, which, taken two 
and two in order, have the 
same ratio. 

If there be any number of 
magnitudes, and as many 
others, which, taken two 
and two, in a cross order, 
have the same ratio. 

If magnitudes are equal . . 

If two magnitudes are un- 
equal. 

If a magnitude has a greater 
ratio than another has to 
the same magnitude. 

If ratios are equal to tlic 
same ratio. 

If ratios are compounded of 
the same ratios. 



If several ratios be the same 
with several ratios, each to 
each. 



If a ratio compounded or 
several ratios be the same 
with a ratio compounded 
of any other ratios, and if 
one of the first ratios, or n 
ratio compounded of any of 
the first, be the same with 
one of the last ratios, Of 
with the ratio compounded 
of any of the last. 



Consequences. 



The fourth shall be greater 
than the sixth ; and if 
equal, equal ; and if less, 
less. 



The fourth shall be greater 
than the sixth ; and if equal, 
equal; and if less, less. 



The first has to the last of the 
first magnitudes the same 
ratio which the first has 
to the last of the others. 

| The first has to the last of 
I the first magnitudes the 
J same ratio which the first 
I has to the last of the others. 

r They have the same ratio to 
. the same magnitude. 
The greater has a greater 
ratio to any other magni- 
tude than the less has. 

It is the greater of the two. 

/They are equal to one an- 

L other. 

r They are the same with one 

another. 
The ratio which is com- 
pounded of ratios which 
are the same with the first 
ratios, each to each, is the 
same with the ratio com- 
pounded of ratios which 
are the same with the other 
ratios, each to each. 

i Then the ratio compounded 
of the remaining ratios of 
the first, or the remaining 
ratio of the first, if but one 
remain, is the same with 
the ratio compounded of 
those remaining of the last, 
or with the remaining ratio 
of the last. 



I 



